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ERRATA. 


Line 13, for |e,;|’ read |c;;|?. 

In the foot-notes change numbering as follows: for 1 read 2, for 2 read 3, for 3 read 4, 
for 4 read 1. 

Line 21, forh® read hy. 

Line 15, for Ae,e, read Ae; e. 

Line 6, for [m, (»,) read [m, (p,). 


’ 


Line 6, for m}°., read m;.,- 


53,54. In the table for r>6 in every instance change r—2 to r—3, and r—3 to r—4. 


In case (27), however, read e, = (211) — (12r— 3). 
Line 8, for t, read ¢,. 
Line 33, remove the period after A. 
Line 12, insert « comma (,) after “integer”. 
Lines 9 and 10, change ; to ». 
Line 17, in type III for e,, read ¢,;. 
Last line, for aga read aqa”. 


Line 3 from bottom, for ike read jk. 

Line 7%, for Si?7’ read 8i?7"”. 

Last line, in the second column of the determinant and third line for S.7~ 47° ¢—¢ 
read S.g ag". 

Line 12, for p= read p= ¢. 

Some of these cases are equivalent to others previously given. 

Line 3 from bottom, for e, = (221) read e, = (211). 

Line 25 should read p = ~— ae ab 

Note 3, add: cf. BEEZ 2. 

Line 11, for ¢=1....k, read i= 4a. Ay. 
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SYNOPSIS OF LINEAR. ASSOCIATIVE ALGEBRA 


INTRODUCTION.! 


This memoir is genetic in its intent, in that it aims to set forth the present 
state of the mathematical discipline indicated by its title: not in a comparative 
study of different known algebras, nor in the exhaustive study of any particular 
algebra, but in tracing the general laws of the whole subject. Developments 
of individual known algebras may be found in the original memoirs. A partial 
bibliography of this entire field may be found in the Bibliography of the 
Quaternion Society,’ which is fairly complete on the subject. Comparative 
studies, more or less complete, may be found in HAnKEL’s lectures,’ and in 
CaYLey’s paper on Multiple Algebra. These studies, as well as those men- 
tioned below, are historical and critical, as well as comparative. The phyletic 
development is given partially in Stupy’s Encyklopidie® article, his Chicago 
Congress® paper, and in Cartan’s Encyclopédie’ article. These papers furnish 
humerous expositions of systems, and references to original sources. Further 
historical references are also indicated below.® 

In view of this careful work therefore, it does not seem desirable to review 
the field again historically. There is a necessity, however, for a presentation 
of the subject which sets forth the results already at hand, in a genetic order. 
From such presentation may possibly come suggestions for the future. 
Attention will be given to chronology, and it is hoped the references given 
will indicate priority claims to a certain extent. These are not always easy 
to settle, as they are sometimes buried in papers never widely circulated, nor 
is it always possible to say whether a notion existed in a paper explicitly or 
only implicitly, consequently this memoir does not presume to offer any authori- 
tative statements as to priority. 

The memoir is divided into three parts: General Theory, Particular Sys- 
tems, Applications. Under the General Theory is given the development of the 
subject from fundamental principles, no use being made of other mathematical 
disciplines, such as bilinear forms, matrices, continuous groups, and the like. 


1Presented, in a slightly different form, as an abstract of this paper, to the Congress of Arts and 
Sciences at the Universal Exposition, St. Louis, Sept. 22, 1904. 

* Bibliography of Quaternions and allied systems of mathematics, Alexander Macfarlane, 1904, Dublin. 

SHANKEL 1. References to the bibliography at the end of the memoir are given by author and 
number of paper. 

4CaYLey 9, 5Srupy 8. ®Srupy 7. TCARTAN 3, 

§ BEMAN 2, Gipss 2, R. GRAvEs 1, HAGEN 1, MACFARLANE 4, 


1 5 
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We find the first such general treatment in Hamitton’s theory! of sets. The 
first extensive attempt at development of algebras in this way was made by 
BeNJAMIN Perrce”. His memoir was really epoch-making. It has been critic- 
ally examined by Hawkes®, who has undertaken to extend Peirce’s method, 
showing its full power‘. The next treatment of a similar character was by 
Cartan’, who used the characteristic equation to develop several theorems of 
much generality. In this development appear the semi-simple, or Dedekind, . 
and the pseudo-nul, or nilpotent, sub-algebras. The very important theorem 
that the structure of every algebra may be represented by the use of double 
units, the first factor being quadrate, the second non-quadrate, is the ultimate 
proposition he reaches. The latest direct treatment is by TasEr®, who 
reéxamines the results of Peirce, establishing them fully (which Peirce had 
not done in every case) and extending them to any domain for the coordinates. 
[His units however are linearly independent not only in the field of the 
coordinates, but for any domain or field ] 

Two lines of development of linear associative algebra have been followed 
besides this direct line. The first is by use of the continuous group. It was 
Poincare” who first announced this isomorphism. The method was followed 
by Scurrrers*, who classified algebras as quaternionic and non-quaternionic. 
In the latter class he found “regular”? units which can be so arranged that 
the product of any two is expressible linearly in terms of those which 
follow both. He worked out complete lists of all algebras to order five 
inclusive. His successor was Mo.ien®, who added the theorems that quater- 
nionic algebras contain independent quadrates, and that quaternionic algebras 
can be classified according to non-quaternionic types. He did not, however, 
reach the duplex character of the units found by Carran. 

The other line of development is by using the matrix theory. C.S. Prtrce” 
first noticed this isomorphism, although in embryo it appeared sooner. The 
line was followed by SHaw”™ and Fropentus”. The former shows that the 
equation of an algebra determines its quadrate units, and certain of the direct 
units; that the other units form a nilpotent system which with the quadrates 
may be reduced to certain canonical forms. The algebra is thus made a sub- 
algebra under the algebra of the associative units used in these canonical forms. 
FRoBENIUS proves that every algebra has a DeEpEKIND sub-algebra, whose 
equation contains all factors in the equation of the algebra. This is the semi- 
simple algebra of Cartan. He also showed that the remaining units form a 
nilpotent algebra whose units may be regularized. 

It is interesting to note the substantial identity of these developments, 
aside from the vehicle of expression. The results will be given in the order 


of development of the paper with no regard to the method of derivation. The 
references will cover the different proofs. 


1 HAMILTON 1, *B. PErrce 1, 8. 3 HAWKES 2. 4Hawkes 1, 8, 4. 
5 CARTAN 2, 6 TABER 4, 1 Porncare 1. 8 ScHEFFERS 1, 2, 8. 
9 MOLIEN 1. 10C, 8. Perrce 1, 4. Usnaw 4. 12FROBENIUS 14. 
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The last chapter of the general theory gives a sketch of the theory of 
general algebra, placing linear associative algebra in its genetic relations to 
general linear algebra. Some scant work has been done in this development, 
particularly along the line of symbolic logic.’ On the philosophical side, 
which this general treatment leads up to, there have always been two views 
of complex algebra. The one regards a number in such an algebra as in 
reality a duplex, triplex, or multiplex of arithmetical numbers or expressions. 
The so-called units become mere wmbrae serving to distinguish the different 
coordinates. This seems to have been CAyLey’s” view. It is in essence the 
view of most writers on the subject. The other regards the number in a linear 
algebra as a single entity, and multiplex only in that an equality between 
two such numbers implies z equalities between certain coordinates or functions 
of the nuinbers. This was Hamitron’s® view, and to a certain extent Grass- 
MANN’S.* The first view seeks to derive all properties from a multiplication 
table. The second seeks to derive these properties from definitions applying 
to all numbers of an algebra. The attempt to base all mathematics on arith- 
metic leads to the first view. The attempt to base all mathematics on algebra, 
or the theory of entities defined by relational identities, leads to the second 
view. It would seem that the latter would be the more profitable from the 
standpoint of utility. This has been the case notably in all developments 
along this line, for example, quaternions and space-analysis in general. 
Hamiuton, and those who have caught his idea since, have endeavored to form 
expressions for other algebras which will serve the purpose which the scalar, 
vector, conjugate, etc., do in quaternions, in relieving the system of reference 
to any unit-system. Such definition of algebra, or of an algebra, is a develop- 
ment in terms of what may be called the fundamental invariant forms of the 
algebra. The characteristic equation of the algebra and its derived equations 
are of this character, since they are true for all numbers irrespective of the 
units which define the algebra; or, in other words, these relations are identically 
the same for all equivalent algebras. The present memoir undertakes to add to 
the development of this view of the subject. 

In conclusion it may be remarked that several theorems occur in the course 
of the memoir which it is believed have never before been explicitly stated. 
Where not perfectly obvious the proof is given. The proofs of the known 
theorems are all indicated by the references given, the papers referred to con- 
taining the proofs in question. No fuller treatment could properly be given 
in @ synopsis. 


1C, 8. PErrRcE 1, 2, ScHROEDER 1, WHITEHEAD 1, RussE.u 1, SHaAw 1. 
2CaYLEy 1, 9. See also Gisss 1, 2, 3. 3 HAMILTON 1, 2, 4GRASSMANN 1, 2. 


PART I. GENERAL THEORY. 
I. DEFINITIONS. 


1, EARLY DEFINITIONS. 


1. Definitions. Let there be a set of r entities, ¢; .... ¢,, which will be 
called qualitative units. These entities will serve to distinguish certain other 
entities, called coordinates, from each other, the coordinates belonging to a given 
range, or ensemble of elements; thus if a; is a coordinate, then a,e; is different 
from a,e;, if «7, and no process of combination belonging to the range of a; 
can produce a,e, from a,e,. Thus, the range may be the domain of scalars 
(ordinary, real, and imaginary numbers), or it may be the range of integers, or 
it may be any abstract field, or even any algebra. If it be the range of integers, 
subject to addition, subtraction, multiplication, and partially to division, 
then by no process of this kind or any combination of such can a,e; become 
a,e;. These qualified coordinates may be combined into expressions called 
complex, or hypercomplex, or multiple numbers, thus 


a= > a4 
i=1 
In this number each a, is supposed to run through the entire range. The units 


€é;, or 1e,;, are said to define a region of order r. 


2. Theorems :” 
(1) (a+6)e,=ae, + be,, and conversely, if + is defined for the range. 


(2) 0e,=e,0=0, if 0 belongs to the range. 

(3). > ae,=0, implies a,=0 25.1... ¥) 
i=1 

(4) If = ag = = b,e,; thena,=6b,,1=1 .... r, and conversely. 


Theorems (3) and (4) might be omitted by changing the original definitions, 
in which case relations might exist between the units. Thus, the units +1 
and —1 are connected by the relation + 1 + (—1)=0. 

Algebras of this character have more units than dimensions. 


3. Definitions. A combination of these multiple numbers called addition 
is defined by the statement 


a+ 2B == (a; + 3) e; 


'HanKeEL 1, WHITEHEAD 1. Almost every writer has given equivalent definitions. These were of 
course more or less loosely stated. 
? WHITEHEAD 1. 
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In quaternions and space-analysis the definition is derived from geometrical 
considerations, and the definition used here is usually a theorem.’ 


4. Theorem. From the definition we have 
a+t@B=6+a at(@+ty=(«+@)+y 


when these equations hold for the range of coordinates. If subtraction is 
defined for the range, it will also apply here. 


5. Theorem. If m belongs to the range and if ma is defined for the range 
(called multiplication of elements of the range) then we have 


: 
ma= & (ma,) «4, 
i=1 


6. The units are called wnits*, or Haupteinhetten®, and the region they 
define is also called the ground‘ or the basis’ of the algebra. The units are 
written also® (1,0,0,.--.-.),(0,1,0,.-..-),.-++ (0, 0,....1), the position of the 1 
serving to designate them. The implication in this method of indicating them 
is that they are simply ordinary units (numbers) in a system of n-tuple numbers, 
the coordinates of each n-tuple number being independent variables. This view 
may be called the arithmetic view as opposed to that which may be called the 
vector view, and which looks upon the units as extraordinary entities, a term 
due to Caytey. There are two other views of the units, namely, the operator 
view, and the algebraic view. The first considers any unit except ordinary 
unity to be an operator, as (—1) or the quaternions 7, 7, k. The second con- 
siders any unit to be a solution of a set of equations which it must satisfy and 
as an extension of some range (or domain, or field); or from a more abstract 
point of view we consider the range to be reduced modulo certain expressions 
containing the so-called units as arbitrary entities from the range. Thus, if 
we treat algebraic expressions modulo 7” + 1, we virtually introduce /— 1 
into the range as an extension of it.’ 


7. Definition. We may now build a calculus® based solely on addition of 
numbers and combinations of the coordinates. This may be done as follows: 
Let the symbol J have the meaning defined by the following equations: if 
a= 3 ae r= 3 me, 
i 4=4 


4+=1 
then 


1.68 = 22. 
t=1 
It is assumed that the coordinates a, x, are capable of combining by an associ- 


ative, commutative, distributive process which may be called multiplication, 
so that a;x; is in the coordinate range for every a, and z;, as well as Sa,z;. 


1 HAMILTON 1, 2, GRASSMANN 1, 2, cf. MACFARLANE 1, 2GRASSMANN 1, 
3 WEIERSTRASS 2. 4TABER 1. 5 MOLIEN 1. 6 DEDEKIND 1, BERLOTY 1. 
78Haw 13. 8 See $21 for difference between a calculus and an algebra. 
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Evidently ae ee < a Piat, 
Also, if ij a. 
2 6521 LE: 6,¢,=3 0 
8. Theorem. We have 
Pvage Ff. ta 5 AR oy hae Sa 


9. Definition. We say that a and & are orthogonalif 1.a&=0. The units 
é,...., é, therefore form an orthogonal system. 
If Zl. && =0, & is called a nullitat. 


10. Theorem. Let 


f= S Cy 6) G4 1) 
j=l 
and 
FO oe om | a Woe ie} | OE ey cl | ley|?= 
Then, we have _2. GE, 
9 Tey | 


where Cj; is the minor of ¢;; in |¢;|. 


Further fe 2a; Cy; L; aes La; Cx E; 
|e | | Ci 
“If I’. refers to the # coordinates just as J to those of the e’s, 
Ye, : 
I. Ea = ae Ba 
i 


since > O, C, = 0 or 1 as k 7 or k=J, and |c,|* = 1. 
i=1 
Hence J is invariant under a change to a new orthogonal basis. 


11. Definition. Let the expression A.a, ..--Gm_, AQ,----G, represent 
the determinant 


B: Bo BiG AS Bm 

Ia, 0, Ta; Bs Fe Pies 2 ees Ta; Bn 

Tay Py, Taz 3» Fes Dye SSF: Ta, Gn 

$e fe By dey 42, Ses é AGS gs 

In particular 
A . a, AQ; B, = B; La; 8, —P,La, 2, 
1. a, Aa, AB; 8, = |L a, 2,, La, 8,| = —LI. a, Aa AB, 2, 
=I. 8, AB, Aa a, 

These expressions vanish if ay ...- a@,— , are connected by any linear rela- 
tion, or @, .... 8, by any linear relation, or if any @ is orthogonal to all of 


the @’s. If any @, say (,, is orthogonal to all the a’s, 
a a, Ad. te Oy, AB. a tig © 


es AG. «+ Cy = 2, Tay Aig. 6. Gg yg Ag: + - Bes 


and 
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12. Theorem. A.aABy+A.BAyat+A. yAas =0 
I. aABAyd +1. BAyAcd +I. yAaAsd = 0 
BI aa =alaB— AadAaB 
A . a, 4, AB, B, Bs = BL. a, Ady 18,8;—,T.a,Aa, AB, 23+ B31. a,Aa, AB, 2, 
= Aa, AB, 8, Ja, 83 —A a, AB, 83 la,8,+ A a, AB,8; la8; 
T.a Ady 43 AG; By 83 = — TI . a, AayasAB, 8, 03= ---- 
= I.8, AB, Bs Aa, a,a%3= — I. B, AB; Bz Aaja,ag=.-.- 
y1.aABAaB =al.aABAyB + BI.aABAay + AaBAaBy 


13. Theorem. In general 
Ail AG a ogee > (0p dy Ades: 1 Oe Aste Hy 
eA ADs 1g Aaya y Be. = + 
==>. Ady Gs Ay Os Ogl «Og AGy <5 Oy, cy gs os ie 


ae A AO hg og Ay. « Fee yaa i a 
TN Ades i AG ee dA. OS ADO sen tig 
“4 (—)" 1A «Ayees ay eae See = «Oy a 
Signs of terms follow rule for Laplace’s expansion of a determinant. Develop- 
ments for Aa, A@,y and higher forms are easily found. 


14. Theorem. If the notation be used 
7h beet te Ay Aw A Age ets A EAA, Ally y's ty 3- +> > Me > 1 


eae = Lo by Le os ae Us—1 Ls 

ue LA, oo LA my Layee LAzus.---LAy ug 1A, us, 
Trg Mo O LAg us Lg fg. --- Lag Ug— 1 LA Us 
TAs 0 0 LAgtg. . +. 103 t,~1 Lage, 


PA ty oe 0 O 5 70a In, ls 
= uy LA, ey Tg tt - ee TX, Us 
— ue, Tr, Wy- — LA, 3 Hs —1 Tr, to 


— fy LA, a Se Be Td,-2 uaa, AL Mel 


M1 : Ae....8 
It follows that 
A. Ay Ae A flo by Me = A{ftl —7. aaa. Aft} 
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Omitting 4 and u 


123 23 23 
A ° Ay Ag Ag A fo My le Mg = Avie — TIA ,u, A fisf—Z sm 4 fot 


13 


The forms A.... A.... may all be developed in this manner. 


The form A see a ay where %,...- t,, J1---+ J, are two sets of n 
fe ss 


subscripts each chosen from among the r numbers 1 ....7, may be looked 
upon as determining a substitution of m cycles on the r numbers, the 
multipliers JA; Mi, ,4)----14,, ui, furnishing the other r—n numbers, that is, 
the whole term determines the substitution 


ee a 

Jnsiree + JryJueee Sn 

which must contain just m cycles. It is also to be noticed that 75%, 
#=1....n. The terms in the expansion of A.a,....A,Alyt --++ Up are 
then the r! terms corresponding to the r! substitutions of the symmetric group 
of order r!. The sign of each term is positive or negative according as the 
number of factors J in front of the A }} is even or odd. Certain theorems 
are obvious consequences but need not be detailed. 


15. Definition. Let Q(a@) be any expression linear and homogeneous in 
the coordinates of a and @. 
Also let 


Q (55) == (6 &) (t=1.... 7) 
be formed. This is called the Q-th bilinear 11 


16. Theorem. Ife; is any other orthogonal system, 
Q.00=2Q. ee. lee Ine, 
a= EQ. ee. dee, 
=O. 4 
Hence Q . fZ is independent of the orthogonal system. 
It follows at once that 


p= lI I.t=r A .CApl = (r —1)p 
I. CAA, AGu, = (r—1) TAy ay A . fA, ACuy Ug = —(r— 2) AA, Avy fee 
9S LAAy. s ody AGM. «My as (7 — 8) 1. Ay AAge. Ay Amys. fy 
AGA, ++ Ay Alu + yyy = — (7 —8—1) AM.» Ay Atta - - sgt 
Q .¢ may also be written Q . W by extending the definition of v, the 
coordinates of ¢ being x, .... x,, that is, 7 =Sag ; 


1M’ Avuutay 1. 
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17. Theorem. By putting subscripts on the zeta-pairs we may use several. 


Thus 
p= 6. Wp =h Loi oe Lee p 
T6011 = 4 
IT. ¢, AG, AC, = r(r — 1) 
A «61S, Apes 6s = (yr — 2) (r—1)p 
DT. 6, Ad, A AN Ga = (7 — 2) (7-1) Ay 
AC G2 Ay Al Co li le = (7 — 8) (r — 2) Ad, Au, (lz 
In general 


Io: Aes+. + So Adi... Se =7(r—1).-.(r —8 + 1) 
TAGs i eA Ne ys ly oe 
(7 — 8) (r—8—1)...(r—e—-t41) I. A, Ary... A, Auy.. ety 
If s+¢>r this vanishes; if s+ ¢=~7, we have 
Da DiBe ick Dy Aly as hg 


1 
(r—s)! ey A Ce Aa AeA Gs ss Ge oie 
Ps (ia Cee Saran ie oa A ik, as oe 
(— 1)’ @—s)... (7 —e—t + 1) Ades Ay Apes 
Ani. oo Agen AE ic crip 


ery cee eee a Al, .. Sites. te (8s bt=r) 


18. Theorem. If /a;p = 0 amended PAO Leas then 
Pie A ae ye se 


where @;, (7=1.... m) is arbitrary. For, if we take the case where 
m— 1 = 3, we have for 8, 3,, @; all arbitrary, the identity 


Aa, O ds Aj, B, 2; Laas 2, Ta, Aas as Ap, Bs fone Be Ta, Aa, as AG, Bs p 


+ 8; In, Aa, as AB, 8, p — pla, Aa, ag AB, B, Bs 
Hence 


p Ta, Ady tg AG, 2B, Bs —< By Ta, Ady as AG, Bs See, Be Tay Ady a3 AB, Bs p 
- Bs Ta, Aa, as AG; Be os Aa, Ag Ag Ap, B» Bs p 


Since Ja,p= 0 Ta,p = 0 la3;p = 0; therefore identically 

Ta; 3, In, Aaya; AB, By p — 10,8, 1a, Aa,a; AB, B;p + In, 3; 1a, Ax.a; AB, B.p = 0 

with two similar equations for a,,a3. Therefore, since 21, 2, Gs are arbitrary 
Ta; Adz a,43;8;9=0 Tay AayazAG,8,p=0 Tay Aa, a, 4B, B39 =0 


or else, for any 8,, Bz, Bs, 
Ta, Ads ay AG; Be C;= 0 
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This is impossible, hence 


p Tay Ady a3 AB, B, 03 = — Aa, a, a3 AP, 2, 8; p 
= — Aaa,a; AP, 8, Bs (p + 28,+...) = — Aaya, a3 AG; 2, Bs Cy 


or Pia Aa, dy a3 AB, By Cs 2, 


where 3,, 02, G3, @, are arbitrary. A similar proof holds for the general case. 
This calculus would enable us to produce a theory of all bilinear functions 
Q (ap), and thus the so-called algebras." 


19. Definition. A subregion’ consists of all hypercomplex numbers which 
can be expressed in the form a = a,p; + ap. + ---. + a;p; Wherein 9, po, 
+++, 9; are given, linearly independent, numbers of the range of the algebra. 


20.. Theorem. An unlimited number of groups of m independent numbers 
can be found in a region of m dimensions.* Any group is said to define 
the region. 


21. Definition. The calculus of these entities is called an algebra, if it 
contains, besides addition, another kind of combination of its elements, called 
multiplication. The algebra is said to be of finite dimensions, when it depends 
on 7 units, 7 being a finite number. Of late the term finite has been applied 
to algebras the range of whose coordinates consists of a finite number of 
elements. 

Multiplication is usually indicated by writing the numbers side by side, 
thus, «8 or a.8. Upon the definition of multiplication depends the whole 
character of the algebra.£ The definition usually given is contained in the 
statements : 


if a= 3 ae, Gas: S. b, 4, y= > er then a. Boy 


if ets >> 0,0). Vign e427) 
Ud 

The constants y;;, are called constants of multiplication. If multiplication 
is defined in this manner the algebra is called linear. The products a;.b; are 
defined for, and belong to, the range of coordinates. The constants of mul- 
tiplication also belong to the range, and their products into a,; are defined 
for, and belong to the range. Algebras whose constants are such that 
Vik = Vix are called reciprocal. If yiy= yin, they are parastrophic. 


22. Theorem. If multiplication is defined as in § 21, then 
a.(o@+ty)=a.6+a.y (a+ 8).ysayt+B.y 
(a+ 8).(y~y+ds=a.yta.d+6.y+ 8.5 
This is usually called the distributive law of multiplication and addition. An 
algebra may be linear without being distributive.° 


1 WHITEHEAD 1, p. 123. 2Cf. WHITEHEAD 1, p. 123. 3Cf. GipBs 2, MACFARLANE 4, SHAw 1. 
4SuHaw 9, 5 Dickson 7. 
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23. Definitions. In the product a8, a is called the facient,’ or the left 
factor, or the prefuctor;* @ is called the faciend,' or right factor, or postfactor.’ 
The latter names will be used in this memoir. 

If there is a number a, in the algebra, such that for every number of the 
algebra, a, a dj =a = aga, then ay is called the modulus® of the algebra. 


If we have AG Pn aa fa we may call a, a post-modulus. 

If we have Aya =a a. fa we may call a, a pre-modulus. 

In defining an algebra, the existence of a modulus may or may not be 
assumed. When for all numbers a, 8, we have a8 = Ba, the algebra is 
called commutative. 

When for any three numbers a, 8, y we have a.(@.y)=(a.@).¥y, 
the algebra is called associative.‘ 

24. Theorem. If an algebra is linear, the product of any two numbers 
is known when the products of all the units are known. These products 
constitute the multiplication table of the algebra. 


25. Theorem. In an associative algebra the constants of multiplication 
satisfy the law 


= Yiks Ysit = - Yrje Vist Chet. aa 


26. Definitions. If a.1 =a’ =a, then a is called idempotent. 

If a” =0, m a positive integer, then a is called nilpotent, of order’ m—1. 
If a3 = 0, then a is pre-nilfactorial to 8, which is post-nilfacturtal to a. 

If a8=0= 8a, then a is nilfuctorial to 3, and 8 toa. 


27. Definition. The expression J. a @ is sometimes called the iner or 
direct product® of a, @ and writtena+ @. Further, the expression 


gO 
QV (a8) = = a, b; . é Te; () 


is called the dyadic of a 3, and written a @. It is thus an operator and not a 
product at all. The use of the term product in similar senses is quite common 
in the vector-analysis, but it would seem that it ought to be restricted to 
products which are of the same nature as the factors. GipBs, however, insisted 
that any combination which was distributive over the coordinates of the factors 
was a product.’ : 

There is no real difference between the theories of dyadics, matrices, linear 
vector operators, bilinear forms, and linear homogeneous substitutions, so far as the 
abstract theory is concerned and without regard to the operand.’ If we 


1 HAMILTON 1, B. Peirce 3. ?TABER 5, 

5 ScHEeFFers 1, Stupy 1, who calls it one (Eins), identifying it with scalar unity. Some call it Haupt. 
einheit. Cf. SHaw 1. 

4B. PErRos 3. 5 B. PEIRCE 3. 6 GIBBs 3. 7 GIBBS 2. 

SFROBENIUS 1, and any bibliography of matrices, bilinear forms, or linear homogeneous substitutions. 
Cf. LAURENT 1, 2, 3, 4. See Chap. XXX this memoir. 
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denote the operator Q (a) by ¢, then the bilinear form Se, x; y; may be written 
I.ppo or I.ogp, where > (or @’) is called the conjugate, the transverse, or the 
transpose of @. Besides the ordinary combination of these operators by 
“multiplication” SrepHanos’ defines two other modes of composition which 
may be indicated as follows in the notation developed above: 


(1) Bitalternate composition in which 
1-92 is equivalent to or Cw Ip’ Ap" A910! 920" 


‘ 1 : . : 
9, - d2----9,i8 equivalent to Agee Ip' Ap". ...p° Ag, 0’... .9, 0 


C,..... indicates that the sum is to be taken over all terms produced by permut- 
ing in every way the subscripts on the ¢’s. 

(2) Conjunction, which corresponds to the multiplication of algebras, 
and is equivalent to taking ¢, and ¢, on different independent grounds 


€,---- €, & ---- &, whose products ¢,e/ define a new ground 
— ! + —— 
$5 66, Gre te Pig 
AMET i) Sait done Re 
Thus Qi X G2 = = = CH Ce ex Ley 
J . 


2. DEFINITIONS BY INDEPENDENT POSTULATES. 


28. Definition. Three definitions by postulates proved to be independent 
have been given by Dickson.” The latest definition is as follows: 

A set of n ordered marks a, .... a, of F (a field) will be called an n-tuple 
element a. The symbol a = (a, ...- a,) employed is purely positional, with- 
out functional connotation. Its definition implies that a = 4 if and only if 
@yan bys. a, =, 

A system of n-tuple elements a in connection with n’ fixed marks y;;, 
of F will be called a closed system if the following five postulates hold. 

Postulate I: If a and & are any two elements of the system, then 


s = (a, + 5, ..-- a, + 5,) is an element of the system. 
Definition: Addition of elements is defined by asb=s. 
Postulate II: The element 0 = (0 ...-. 0) occurs in the system. 


Postulate III: If 0 occurs, then to any element a of the system corre- 
sponds an element a’ of the system, such that asa’ = 0. 

Theorem: The system is a commutative group under ¢. 

Postulate IV: If a and 6 are any two elements of the system, then 
p=—(p.---- pr) is an element of the system, where 


Act 
 . XH; Oe Y5x1 G2 1..0529) 
Definition: Multiplication of elements is defined by a 2b =p. 


1 STEPHANOs 6. 3 Dickson 5, 8. 
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Postulate V: The fixed marks y satisfy the relations 


ere Vari = re Ysji (s,t,4,0=1.... 7) 

Theorem: Multiplication is associative and distributive. 

Postulate VI: Ifv,....7,are marks of Fsuch thatt,a,+ .. . +7,a,=0 
for every element (a,....a,) of the system, then7,=0....7,=0. [This 
postulate makes the system 7 dimenstonal]. 

Theorem: The system contains 7 elements ¢, = (aj, ----@,),¢=1....7 


such that |a,;| 0. 
Theorem: Every r-dimensional system is a complex number system. 
Generalization: If the marks a,....a,, belong to a field F,; and if 
d,,41++++ G,,4,, belong to a field F,; ....,if a corresponding change is made 
in postulate V1; if further y;,; = 0, when J, &, i, belong to different sets of 
subscripts, then we have a closed system not belonging to a field F1 


3. DEFINITIONS IN TERMS OF LOGICAL CONSTANTS. 


29. This definition is recent, and due to Bertranp RussE.u. By logical 
constants is meant such terms as class, relation, transitive relation, asymmetric 
relation, whole and part, etc. Complex numbers are defined in connection 
with dimensions, or the study of geometry. The definition in its successive 
parts runs as follows :? | 


30. Definition. By veal number is meant any integer, rational fraction, 
or irrational number, defined by a sequence. These have been discussed 
previously, in the work referred to. 

A hypercomplex number is an aggregate of 7 one-many relations, the 
series of real numbers being correlated with the first 7 integers. Thus, to the. 
r integers we correlate a,, a, .... a,, all in the range of real numbers. This 
correlation is expressed by the form 


,@; + dgé +.---+4,¢, 
The order of writing the terms may or may not be essential to the definition. 
The e indicates the correlation, thus e, is not a unit, but a mere symbol, the 
unit being 1e,. The remaining definitions, addition, multiplication, etc. may 
be easily introduced on this basis. 


Theorem: Hypercomplex numbers may be arranged in an r-dimensional 
series. 


31. A like logical definition may be given when the elements belong to 


any other range than that of ‘real’? numbers. 


4. ALGEBRAIC DEFINITION. 


32. The preceding definitions are of entities essentially multiplex in 
character. The units either directly or implicitly are in evidence from the 


1Cf. CarsTENS 1, 2B, RussEvu 1, pp. 378-379. 
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beginning. It seems desirable to avoid this multiplicity idea, or implication, 
until the development itself forces it upon us. Historically this is what hap- 
pened in Quaternions. Originally quaternions were operators and_ their 
expressibility in terms of any independent four of their number was a matter 
of deduction, while Hamiiton always resisted the coordinate view. The fol- 
lowing may be called the algebraic definition, since it follows the lines of 
certain algebraic developments. 


33. Definition. Let there be an assemblage of entities A,;, either finite or 
transfinite, enumerable or non-enumerable. They are however well-defined, 
that is, distinguishable from one another. Further, let these entities be subject 
to processes of deduction or inference, such that from two entities, A4;, A;, we 
deduce by one of these processes, passing from A; to A,, the entity A,; which 
we will indicate by the expression 


A, OA; = A, (A;, A; any elements of the assemblage) 


A different process O' would generally lead to a different entity A;; thus 

B. #5 07. Oe at #4 
(These processes may be, for example, addition ©, and multiplication @). It is 
assumed that these processes and their combinations are fully defined by 
whatever postulates are necessary. Then the entities A; and the processes 


O, O'.... are said to form a calculus) and the assemblage of entities will be 
called a range. 


34, Definition. Let there be given a range and its calculus, and let us 
suppose the totality of expressions of the calculus are at hand. In certain of 
these, M,, M,....M,, let us suppose the constituent entities A;, A;.... are 
held as fixed, and that we reduce the totality of expressions modulo these 
expressions /; that is, wherever these expressions occur in any other expression, 
they are cancelled out. Then the calculus so taken modulo J is called an 
algebra. 

For example, let the range A be all rational numbers. Let the expres- 
sions M be ab +4 

ant 
Then an expression like 4—8 may be written 44+ 4+4—8= 47; an 
expression like a? + 9 becomes a+ 9— (9 + 97”) =x? — 97”; which may be 
factored into (x + 37) (w — 37) or (a + 37) (w+ 37). 

In this manner we have a calculus in which will always appear the 
elements 7, 7 (or 7 and j” as we might find by reductions). Modulo 7+ 1 and 
j’ +1, certain expressions become reducible, that is factorable, which other- 
wise cannot be factored. We call the expressions at, xj, a*, in this case, 
where x is any rational number, negative numbers, imaginary numbers, and 
negative imaginary numbers. We consider i and 7 as qualitative units, although 
perhaps modular units would be a better term. 
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35. It is not assumed necessarily that there is but one entity A; for any 
given expression, for we may have two expressions alike except as to the 
elements that enter them. Thus we might have 

‘$44 
usa} 
lie es 
36. Definition. In any case we shall call the expressions J the defining 


expressions of the algebra, and the elements <A; (such as 2, 7) entering them the 
fundamental qualitative units. 


37. Postulates : 
I. It is assumed that the processes of the calculus are associative. 
II. It is assumed that the processes which shall furnish the defining 
expressions shall be those called addition ©, and multiplication @. 
III. It is assumed that the process ®, multiplication, is distributive as to the 
process ©, addition. That is 
A, ® (A; @ A,) = (A; @ A;) @ (A; @ A;) 
(A;oA,) @ A; = (A; @ A,) © (A; ® Aj) 


38. The commutativity of multiplication is not assumed. Further, the 
general question of processes and their relations is discussed, so far as it bears 
on these topics, in XIII, hence will not be detailed here. 

It is evident according to this definition that an algebra may spring from 
an algebra. Hence the term is a relative one, and indeed we may call a cal- 
culus an algebra if we consider that the calculus is really taken modulo 


A, OA; nae Ay A, O'A, aaeresd Aj, etc. 


That is, the equalities or substitutions allowed in the calculus make it an 
algebra. The only calculus in fact there is, is the calculus of all entities 
A,, A;, A,, etc., which permits no combinations, that is, no processes, at all. 
From A,,A;,..--we infer or derive nothing at all, not even zero. The calculus 
of symbolic logic is thus properly an algebra. 

Any definition of an algebra must reduce to this definition ultimately, 
for the multiplication-table itself is a set of r? defining expressions. That is, 


we work modulo! 
rT 


C0 — 2% Yes ex (G9 1 20.4) 


39. Definition. If the range of an algebra can be separated into r sub- 
ranges, each of which is a sub-group under the process of addition ©; so that 
an entity which is the sum of elements from each of the sub-ranges is not 
reducible to any entity which is a sum of elements from some only of the 
sub-ranges; then the algebra is said to be (additively) r-dimensional. 


1Cf. KRonNECKER 1, where this view is very clearly the basis for commutative systems. 
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40. It is to be noted that an algebra may be r-dimensional and yet have 
in it r+ distinct qualitative units. Thus, ordinary positive and negative 
numbers form an algebra of two units but of only one dimension. Ordinary 
complex numbers contain four qualitative units, but form an algebra of two 
dimensions. 

The defining expressions determine the question of dimensionality. For 
example, let the defining expressions be 

e? — 1 ez —1 ly €) — €4 & 
| Qateitl1 
whence we may add 

€1 0 + Ge + & €y 1 Cn €y — 1 C1 Cy 1 Cp — 1 C1 & Ge; — 1 

We have here two more defining expressions than are needed to define an 
algebra of six units, hence the algebra becomes four-dimensional. The 
problem of how many defining expressions are necessary to define an algebra 
of 7 units has never been generally solved even for such simple algebras as 
abstract groups. If the algebra is finite of order 7, a maximum value for the 
number is 7”. But a single expression may define an infinite algebra. 

Nothing, so far as known to the writer, has been done towards the study 
of these algebras of deficient dimensionality. 


II. THE CHARACTERISTIC EQUATION OF A NUMBER. 


41. Theorem. Any number ¢ in a finite linear associative algebra which 
contains a modulus, ¢, and whose coordinates range over all scalars, satisfies 
identically an equation of the form A’ (¢) = 0, and equally an equation of the 
form A’ (¢)=0. In each case, A’(Z) or A” (Z) is a polynomial in ¢ of order 7, 
the order of the algebra.’ 

The function A’. Z, called the pre-latent function’ of ¢, has the form 


[Ui %inG—F$ B-U Yin wb Ge) cee Kien 
Anis » 2; Vis SU Hie Oo — Se SU Hee 
So, Vac oe ke fe 1s. Yirr & —$S 
The function A’. Z, called the post-latent function” of [, has the form 
TU Ni %—$ he MH Yeu G aicel ss ORK 
Ai oss DX V142 St Veig OO ws he Hogg 
a ee yi Voir Pee Be Vege HE 


1The relation between this equation and the corresponding equation for matrices is so close that we 
may include in one set references to both: CayLry 3; LagueRRE 1; B. Peirce 1,3; FROBENIUS 1, 2; 
SYLVEsTER 1, 2,3; BucnneIm 3; ScuEFFERS 1, 2,3; Weyr 1, 5,8; Taper 1,4; PascH 1; MOLIEN 1; 
CarTANn 2; SHaw 4, 
2Cf. TABER 1. 
2 SARE 


/NIVERSITY 


OF 
CALIFORNYS 
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In each case S stands for >. These functions may be expanded according to 


i=] 


powers of ¢, taking the forms 


Dh ne a Oe 8 + (—)" m} e 
ANC SL he Os + (—)" my! e 


In certain cases (viz., when the algebra is equivalent to its reciprocal) these 
two become identical. (The absence of a modulus does not add to the 
generality of the treatment.) These equations exist for all ranges of 
coordinates. 


42. Definition. The coefficients m; and mj’ are respectively the pre-scalar 
and the post-scalar' of ¢, multiplied by 7; that is, if we designate the scalar 
of f by S.¢, we have 


! i 
! Bae " ee Ae 
S' e 6 heemaat r S e 4 7 


If we indicate S.Z' by S;, we have by well-known relations from the theory 
of algebraic equations 


r S, 1 Soe | ae ee 0 

r S. r Si Be. Aes 0 
7 S83 Peres See Oe ss 0 
tim, 

Se ee ot es eee 

r S; TS. Fes One ay 


Theorem: The symbol S obeys the laws? 
S(¢ + 0) = &¢ + So S.a€=aS8C (a, any scalar) S.eq=1 


43. Definition. The number V’. f= — S’.¢ is the pre-vector® of ¢, 
and the number V”. = ¢ —S".¢ is the post-vector® of ¢. By substituting 
these for in the identity for m; in $42 we arrive at various interesting aud 
useful formulae. 


44, Definition. If the two equations A’.¢ = 0, A’. =0 are not identical, 
the process of finding the highest common factor will lead to a new expression 
A. which must vanish. When the two equations A’.¢ = 0, A"”.¢ = 0 are 
identical we may also have ¢ satisfying an equation of lower order; let the 


lowest such be 
A.¢=0 


This single equation is called the characteristic equation of f, and A.¢ is the 
characteristic funetion of f.4 [The pre-latent equation was called the identical 
equation by CAYLEY, characteristic by Fropenius and Movin, and this lower 


1TABER 2, 3, 4,5. Cf. FRopENnrIus 14, §4. Fropentus called m, the Spur of ¢. 
2TABER 2, 3, 4, 5. 2Cf. TABER 2, 3. 4 See references to § 41. 
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equation has been called “‘ Ranggleichung”’ by MoutEn, “ Grundgleichung”’ by 
Weyr, identical equation and fundamental equation by Taser, characteristic 
equation by ScHEFFERS, and in some cases it is the reduced characteristic 
equation. ] 


45. Theorem. The characteristic function isa factor of the two latent 
functions.) 


46. Definition. The order of the characteristic function being 7/<7, it may 
be written 
(C — gy eM... (f — Jp &)*P Myite ee aie + fy = 2! 


The scalars g, ...- g, are the p distinct latent roots of ¢. The exponents 
41 ++++ Mp are the p sub-multiplicities of the roots of . The factor f — g, & is 
the latent factor of the root g;. 

WEIERSTRASS called (¢— g,¢), and powers, elementary factors (elemen- 
tartheiler), particularly the powers: k,;h,,1;----4,i:. See Murs 1 for 
references to this subject, or WEIERSTRASS 1; KRONECKER 2, 3, 4; FROBENIUS, 
Crelle 86, 88; Berliner Sitz-ber. 1890, 1894, 1896. 


47. Theorem. For a fixed integer 7 (12 7 = p), there is at least one solution, 
0, (¢ + 0) for each of the equations 


(S— 91%) o=0 
(C—9%)o=0 
(C—gim)*o=0 ; 

A solution of the 4-th equation is a solution of those that follow. If oy, 
is a solution of the k-th of these equations, then among the solutions of the 
k-+ 1-th equation, which include the solutions of the previous equations, some 
are linearly independent of the entire set of solutions o,, of the k-th 
equation.® 

Theorem: The solutions of these equations for different values of 7 are 
linearly independent of each other.‘ 


48. Definition. The number 


ee (F — Gr G++ + -(S — Gis Co)*i—! (6 — Gir "it. (F — gy &)"? 
(ge Gi) ne (Ge Fea (Ge JirPitd «(Yr — Ip)" 
is the ¢-th latent of ¢; it corresponds to the root g;. There are thus p latents of ¢. 


49. Theorems. The product of Z; and any number of the algebra is either 
zero or else it is a number in the region of solutions of the equations in §47.° 
We may symbolize this by writing Z,{o} = {;| The region }Z,| is called the 
i-th pre-latent region of . There are correspondingly post-latent regions of ¢. 


Taber 1; Weyer 8; MoLien 1; FRoBENIUS 14. 2TaBER 1; WHITEHEAD 1. 
3TABER 1; WHITEHEAD 1; CARTAN 2, 4TaBER 1; WHITEHEAD 1; SHAW 4. 5SHaw 4. 
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The p latent regions of ¢ together constitute the whole domain of the 
algebra.’ It is obvious that the Z’s are such that if 7+, 


Zi 45-— 0 (Z,— @)"t Z,= 0 


50. Theorem.” The p pre-(post-) latent regions are linearly independent, 
that is, mutually exclusive, and together define the ground of the algebra. 
Each latent factor annuls its own latent region but does not annul any part 
of any other latent region. The i-th pre-latent region may not contain the 
same numbers as the i-th post-latent region. The dimensions of the 7-th pre- 
latent region are given by the exponent of the i-th latent factor as it appears 
in the pre-latent equation. The pre-latent equation contains as factors only 
the latent factors to multiplicities uj, such that 


5 «EH (v= ie Dp) 
> u=r 
i=l 


Likewise the post-latent equation contains as factors only the latent factors to 
multiplicities uj’, such that 
Cw a (=< ») 


51. Theorem.? The pre- (post)- latent region {¢;} contains a, sub-latent 
regions {Xia}, {Xet, ----, {2u,¢, Where each sub-latent region includes those 
of lower order, say {>j,} includes {>,,,} if k’ < k. 

The region }>,,} is such that ((— 9, e)" {>| =0, but in }>j,{ is at least 
one number o,, for which (¢ — g; &)* oy, + 0. 


52. Definition. For brevity let ¢ — g,;@=9,; then, in {Z;', 6,“« annuls 
certain independent numbers which no lower power of 6, annuls. Let these 
be w,, in number, represented by 

a ao yl 
Of course any w,, independent numbers linearly expressible in terms of these 
would answer as well to define this region, so that only the region is unique. 
Then each of these multiplied by 6, gives a new set of w,,; numbers independent 
of each other and of the first set. Let these be 


0, . fei = Eas (s=1..-- wy) 


In general we shall have for the products by powers of 6; a set of numbers 
linearly independent of each other, 


fam otse zp 1 


2S wees Wy, 


1TABER 1; WHITEHEAD 1; SHaw 4. 
2TaBER 1; WHITEHEAD 1; SHaw 4; WeEyR 8; BUCHHEIM 3, 7%, 9. 
3 See preceding references. 
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The region made up of, or defined by, these numbers will be called the first 
pre-shear region’ of the i-th latent region. It may be represented by {Xj;}. 
Let there be chosen now out of the numbers remaining in the 7-th latent region, 
W,, linearly independent numbers which are annulled by that next lower power 
of 6;, say “2, Which annuls these w,, numbers, but such that 62—! does not 
annul them and such that 62+? does not annul any number which 6/2 does 
not also annul. These numbers and their products by powers of 6; give rise 
to the second pre-shear region, (Uir< {:) 

{Xb} = {00g a 


S=1.... Wy; 


We proceed thus, separating the 7th latent region into ¢, shear regions, 
{Xi}, ----,{Xdgt, containing respectively (u; = ua) fy Wu, - +--+) Mice Cos 
linearly independent numbers, with 


i SD. My Wj 
¢ *3 j=1 
There is a corresponding definition for the post-regions. 
53. Theorem.” The pre- and the post-latent equations are (using accents 
as before to distinguish the two sets of numbers) 


p 
II 0,2¢""'9 = 0 Uae Ue ae 


t= 1 


Il OF "6""'G = 0 ee bases 
i=1 
54. Theorem. If all the roots g; vanish, ¢ is a nilpotent, and for some 
power uw we have ¢* = 0. 
Further, for every number there are exponents u;, uj, such that 


io =O = 0 SH Su, wy Su 

If € and o are of the same character,® (aa) then for any power u,, (”* o 
and o (“« are nilpotent. 

The product may not be nilpotent if ¢ is of character (a () and o of 
character (Ga). If the product is not nilpotent the algebra contains at least 
one quadrate. If an algebra contains no quadrates, ¢*« o and o ¢“« are nilpotent 
for all values‘ of o and u,. 


55. Definitions. When the coefficients in the pre-latent (post-latent) 


equation vanish in part so that 
m; = 0 rT fe 


then ¢ is said to have vacuity’ of order uj. There are uj zero-roots, and one 
or more solutions of the equations 


eos 0 id A Serra fog = 0 Mo = KG 


iSnaw 4 2SnHaw 4. 3See $59. *CARTAN 2; TABER 4. 5 SYLVESTER 1; TABER 1. 
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The solutions of €o = 0 define the null-region of . The number of inde- 
pendent numbers in this region (its dimensions) is the first nullity of ¢, say hy. 
The &, independent solutions of (?o =0, €o + 0, define the first sub-null- 
region of Z, of second nullity 4; proceeding thus we have! 


oie a 
The vacuity of course is given by the equation 
eg = ky + © eee me 


The characteristic equation, it must be remembered, contains ¢“ as a factor; 
the pre-latent equation ¢“", the post-latent ¢“°. The partitions of uj which 
satisfy the inequalities above give all the possible ways in which the sub-null- 
regions can occur. 


56, Theorem.” Hach latent factor, ¢;, is a number whose pre-latent (post-_ 
latent) equation will contain ¢?, and whose characteristic equation will contain,” 


“The nullities of ¢; are given by the equations © % 
Kus = 4 ' 
Keys —1¢ = Wry + EU, ¢=0orl 
hs; =w,+ Wit..... + t, Wo,-11 + be Wes 4, % =Oorl 
ky; = W;,+ Wy, +t....- ye Als 
The vacuity uj = Mi) Wy + Mig Wag +. ---- + Meat 
57. Theorem. The number ¢ may be written? 
P ; 
o— 219i Xi a hi ?; + hes o3 + S86 66 + Aga) gyi tt 
wherein the numbersx, $ (t=1..... p) satisfy the following laws: 
xj =% xx =0 ifi +7 
oi = 0 %; ; = 0 ifit7 
xij =O = Ox ife py 


xi Di = Di = Pi % 
The numbers x, and ¢; are all linearly independent and belong to the 
algebra, at least if we have coordinates ranging over the general scalar field. 


58. Theorem. Leth, > +..... + hivas-1 0" ~'=,; then if F (az) 
is any analytic function of x, F’(x)..... its derivatives, 
p tt ; mi Te 
d ie German 2 {F(a x; + F' (g;).B+ HAG 9) ws Sc ee a ka } 


18yYLVESTER 2; TABER 1; BUCHHEIM9; WHITEHEAD 1. 
2§ 52, 8Strupy 6; SHaw 7. *SuHaw 7. Cf. TABER1; SYLVESTER 8. 


a eT ee ee ee Se . ET ee oe 
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ee ne ee ee ee 
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59. Theorem. The different numbers of the algebra will yield a set of 

idempotent expressions 4 .... e,, such thatifity, i,j7=1....4a 
oF Ge €, €; = 0 = ee; G=at---- $& 
and hence the numbers of the algebra may be divided into classes {Z,,!, such 
that if @,, is in the class {Z,,}, then 
€, bap % = Sen Ost Gap 

The subscripts a, @ are the characters’ (pre- and post- resp.) of f,,. In this 
and similar expressions 3,, = 0 when x+y, S,, = 1 when « =y. 


60. Theorem. The product of (,, and @,; is given (when it does not vanish 
on account of properties not dependent on the characters) by the equation’ 


: Gap Sys = Spy Sas 
The numbers ¢,, form a sub-algebra, (a2 = 1, ...., a). 


d 61. Theorem. Let the characteristic equation of ¢ have g—1 distinct roots 
hich are not zero, and let y—1 be the lowest power of ¢ in this equation. 


Then if 


we have?® 
q-1 
4=] 


q-1 q-1 
62. Theorem.‘ If g + > x,, then e = > x%,+%,, where x, belongs to 
4=1 4=1 


the root zero and 


- poe Be hy 
Fe=20 g/1— focal 
soar! sa) | 
then Pi6 = 
63. The use of the two sets of idempotents of ¢, the pre- and the post-, 
enables us to find partial moduli, which are not necessarily invariant, and the 


modulus, which is invariant. 
For example, let us have the algebra 


Q & & 


Then G& =a + & 


'Scuerrers 1, 2,3; Cartan 2; Hawkes 1; Suaw4. Cf. B. Petrce 1,3. Fropentus 14. 
* See references to § 59. 3’ TABER 4. 4TABER 4. 
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If we put € =e, + 6, we find 
C (a1 + es) = (4 + 4) 0-6 =0 6 -@ = 0 
hence the characteristic equation ({ — &) ¢ = 0, and by §§ 61, 62, 
m= ¢ = €y = % + X 
These determine the same algebra (in the sense of invariant equivalence) 


| % %%, & 


and the partial moduli are not the same as before, being e,, & in one case, 
€, +3, — é; in the other. 


64. Theorem. If ¢; is any number in the 7-th pre- (post-) region of ¢, and 
if o is any number of the algebra, then ¢,o (0 ¢;,) is a number wholly in the 
i-th pre- (post-) region.1 Consequently the numbers in the 7-th pre- (post-) 
region form a sub-algebra. 


65. Theorem. Let the numbers defining the 7-th post-latent region of ¢ be 
jt where 
‘i t = 1 a hee i; 
We have of course 


so that 


Then by §64 the product of any number o gives 
oO. = 2. ai Sus 
Hence when these coefficients a are known we know the product of o into 


any number of the form £21, for 


ae ars 
0. Eh, = J Oy Vuvst-1 
where” £X'.,_, must be zero if »v + ¢—1 > ujy. 


66. Theorem. If 7 is any number of the algebra which satisfies the equation 
t.0%=0, where 7.67"! + 0; then 7 must be in the region (§13) 3, and 
in no lower region.® 


67. Theorem. If 7 is any number of the algebra, and if o;, lies in the 
region >//, but in no lower region, then vo;, lies at most in the region >4,, 
and may lie wholly in lower regions.‘ 


1S8Haw 4. 2SnHaw 4. 3S8Haw 4. 4SHaw 4. 
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68. Theorem, Let >" be the region to which . 6“i1~” reduces the whole 
i-th post-latent region, and generally >* be the region to which . 6“a~* reduces 
the latent region. Then if is any number of the algebra, and o* any number 
of the region >", then 


to* = 'o*, a number of the region >* or lower regions.! 


69. Theorem. If ojf is a number common to both regions >“ and &,,, then 
¢ .o% =/oi#, a number in the same regions.” 


70. Theorem. Let 


She be the region {£71}, (ee 1 5 40g) 
p= Siy—ati= Si, - of? 


then Sj = Sz,,a+1 belongs to the regions =**a~“**? and &,, wy-atie Thenif ¢ 


a(t) 


is any number, rt. S§= {Sf .... Shs ...-} for all values of ¢ subject to 


the conditions 
a _ a BO ES b q® +. 60 = ki + 1 


This may also be expressed in the following statement : 
| v. f= Bat £5 
where y<u,,, and £*" belongs to Sh 9 £13 and £1 belongs to Shy—t rete 


Hence 


~ 
IV 
os 


Hz —YSug—t 
that is 


YZt+ Min — Mi 
Or finally,’ if wy. <u,;, then uyz,2 y2¢t 
if Mix >by, then mix 2 y 2 t+ Mie — by 
It is to be remembered also that 


Pt: cints “ga Kt oe Shek rg OE 
Agy = ayy -1 i ae lhl et Bia Agy—t+1 


It is evident that the products into £2; determine all the other products. 


71. Theorem. Since the units of the algebra may be the numbers £%, as 
these are mutually independent and r in number, it follows that among the n® 
constants of the algebra, y, which the coefficients a reduce to in this case, there 
are many which vanish and many which are equal. The units may be so 
chosen in any algebra that the corresponding constants y become subject to 
the equations for the coefficients a in §70 [but this choice may introduce 
irrational transformations]. 


1SHaw 4. 2Suaw 4. 3SmHaw 4. 
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72, Theorem. Since the idempotents for ¢, viz., x,, x2, ..-- *», may be 
used as pre-multipliers as well as post-multipliers, i units £4, and therefore 
all units, may be separated into parts according to the products 


ae ed Cie GR roe 
As these parts are yume independent, and as the 7-th region is defined 
already by the units £4, it follows that the independent units derived by this 
pre-multiplication must also define the region, and as the shear regions were 
unique, their number for each shear remains the same as before. We may 
use a new notation, then, indicating the pre- as well as the post-character of &, 
and at the same time uniting 7 and s into a single subscript, thus the units are 


gy} wr t"—1 
. t! Sul ww) Add 


where 
au = Wy + Se + W jn int + s u! = Wy; + ieee HF wyn in + s 
73. Theorem. Let us return to the equation in §70, in the new notation, 
ee eee 
> B — B 
Mp, Yat Yat + Use — Meu Ary = Aey- p++ + Ose ta 


If z is confined to expressions belonging to the region {£%{}, then letting 7%" 
be any such number, 


wie ea re Pa Foie Tet sie > Pa ae 


levy tore ie YZ H+ Mee — Mean 
If we let 
Se lie ett U=1,----, Wye F Wat .--- +My. 


then 
Ti*.OT* = Lazy 24° "£5, + terms for which y > 1 


Hence if we let r{* be in turn each unit *£* in this region, we shall find 
from oj" by the process used in the beginning of the problem, certain numbers 
idempotent so far as this region is concerned, and which will be linearly 
expressible in terms of *f7,. These new x’s are linearly independent and 
commutable with x,, since, if x, is one of them, x, x! =x! —=x!x,. Hence 
x, must be the sum of them. We might therefore have chosen for ¢ a number 
which would have had these idempotents, and we may suppose that the 
number ¢ has been so chosen that no farther subdivision of the idempotents 
is possible.’ 


74, Theorem, It is evident that, as the expressions in the i-th latent region 
of & form a sub-algebra, we may choose one of them £;{ just as we choose &, 


1Cf, MoLiIEN 1. 
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and using it as a post-multiplier, divide this -th latent region itself into sub- 
regions corresponding to the latent regions of £; in {&,{. Hach such sub-region 
becomes a sub-algebra. We may evidently so proceed subdividing the whole 
algebra into sub-regions until ultimately no sub-region contains any number 
which used as pre-multiplier has more than one root for that sub-region. 
This root may then be taken as zero or unity. If then the sub-region be 


represented by «,, 6, ..--6,, we have for every number 
= t=> a 
o = > 20; T= LY; 4G; Chae See ee) 
TO=G9tT+T7' Tozgt+" 
Feo c= gre) +- Ya gh) c= gv™ 


Hence if x, is the partial modulus for this region defined by 
on hgo" + ase gar co (—)*-3 gh Fe 


Xj — h 


“] 


we must have o = gx; + 3; + other terms whose post-product by ¢ is zero. 


Multiplying every number then by x;.() we arrive at a sub-sub-region 
which gives a sub-algebra whose modulus is x;, and such that if a is its 
character, every number in it has the character 


(aa) 


This algebra is a Perrce algebra. Its structure will be studied later. The 
Perce algebra is the ultimate subdivision by this method of the algebra in 
general and its structure really determines the main features of the structure 
of the general algebra. 


75, An algebra may contain an infinity of units, in which case it may 
not have an equation at all. Thus the algebra may have for units 


2 r rt+l 
o e, eos ex Gy OS eS 


so that p= > XL; &; 


It may very well happen then that po =¢o has no solution. The theory 
of such algebras will be developed in a later paper. 


76. Theorem. Let the general equation of a number ¢ be 
f7—m, "14 .... + (— 1)" m, 4 = 0 


Let us put J’—m, ¢€+o0=0. Then we may eliminate ¢ from these two 
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equations, by using determinants, arriving at an equation in terms of o of 
order vy. Thus we have 


tom, 2 +m, ig eS. (— 1)’ m, 0 
0 1 —™m, eae (— 1)’~!m,_,(—)’ m, 
1 —m, oO Oe eek 0 0 
O af — Mm Oe ce a 0 0 =0 
0 0 Ft rer (LS @. Oe: 6.) 6 01. 6-6: O 0 
0 0 0 | eet ae o 
) 0 eee es —m, 
or 
1 —m +m, Bee ae 
=0 = —m o 
0 0 o—m : 
: 0 1 —m, 


St ee den tele CO ce itet O36 -6. 610.8 6 65a © 


78) 016161 6402 4.1 6 8. 8) OC! by 6 6) 6. 6 0 6 OE Ot. 


The highest powers of this equation are 
CG — BiG. is a 0 
Hence the sum of the roots of o is 2m. 
77. Theorem. In general if [*— m, (*~'+ .... +(—1)*o,=0, we find 


in the same manner a determinant of order 7 +s, reducing to one of order 
r in o,, the first two terms becoming 


o’—sm,o7 -1+4+....=0 
Hence for any such number 
(1), = (Cm OO ee ee J oe 
we have the sum of the roots of o, equal tosm,. Hence the s-th scalar coefficient 
m, of ¢ is 1 into the scalar coefficient of order unity of (—)*—'fy (f); or 


m, = 5(— 1? m, [6x (5)] 
78. Theorem. We may also find the general equations of the o’s, and in a 
similar way of the y’s. 
79. Theorem. In this way one may form the equations of powers of @, or 
of any polynomial in ¢. 
80. Theorem. Let there be formed for any number p, the products 
0% (== 1....7) 


The e, form the basis and are orthogonal. Then we have (p— gq) o = 0, when 
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Hence T.e, (pq)—g L.e (pe) ..------. 
I. & (pe) I. &(pe)—g ----|=0 
ho Nil Se Tee 
g—go > 1. ¢:(ei) +9? > I. e; Ae; A(pe;) (pe;) — ---. = 0 
i= i,j= 


This, however, must correspond to the general pre-latent equation of p, and 
therefore 


m, = 2. IT. e (pe;) m, = 2 I. e, Ae; A(pe;) (pe) ...-.. ete. 


81. Theorem. We have at once 


y!.c=(mi—p).o= 5. (a I . e; (pe,) — (pe,) 1. €0) 


= > . A. Ao (pe;) 
i=1 


Thus px’. o => (pe;) L.¢, Ae, Ao(pe;) 
UJ 


Therefore 
2! m=>.T.e (p. ye) = 21. & (pe) L. & Ae; Ae, (pe) 


k 
=>.1.(pe;) a 1. e, A(pe;) Ae; e 
= .I. (pe) A(pe,) Ae; e; 
= e Zz: C; Ae; A(pe;) (e;) 
P 


Since y”.o = (m;— pp . y')o, we have 
x. 6 +2 A . e,¢; Ao (pe;) (pe;) 
In general, we find 
y.6= >. Age, ...-&, Aa(pe;) (pe) .--- (pe) 


82. Theorem. If we use the notation of the ¢-pairs, these become 


po = (pC) I. Go 
m; = IZ(p¢) 


mi = >. Aly. «Sp A(pls) (pha) + (pos) 
gle .g = = Pay a Ao (pf) - AS - (965) 


In this form, the independence of the expressions m and y from any particular 
unit-system is shown. 


83,.. Theorem, Let us write further 


m'! (p1, Po--: Ps) =— Ig; Ag, . “3 -6,A(p, 61) (ps Ge) - se? (ps G.) 


Then, from the properties of the ¢’s, this form will reduce to 


1 
m' (px, te eey P)=ar [m{ (p;) mi (pe) oe ie Mm (ps) 
om my (px) (m4 (ps) - : - + M{ (Pp—1 Ps) + pe -+] 
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according to the rule: Insert m; before every selection of p’s taken according 
to the partitions of s, giving each term of s—h factors the sign (—)", and 
writing in each factor the product of the p’s in every order possible when the 
p of lowest subscript is kept first in the product. For example, if s= 3, we 
have the partitions 3=1+1+4+1=>1+2=83. Hence, 


1 / ' 
mi (pr, 2» Ps) = 31 [m, (p1) my (pz) m, (ps) 


—m; (p1) my (P2 Ps) —m (pz) my (p1 Ps) —m (p3) my (Pp; re) 


+ mi (p1 Po ps + pr Ps p2)] 
We note that 


m! (Pa Pp --- + Pe Py) =! (05 Pa Pp re 


If s=r+ 1, this form must vanish identically. 

84, Theorem. If we put 

eG nye ao at Pet ware) (og, 

then, if y, stands for [y (p:)] (¢), x12 for [y (pi p.)] 6, ete., 

tp ++ px) = [Xi Xe +++ XC) —E-Ma-Ne ++ Hee) Heo] 
The rule is the same as for the preceding expression of m’, thus 

X (Pir Per Ps) -F= - [x1 + X2- Xs (9) 

— 1 H23 (5) — H2 His (5) — Xs X12 (6) + (Mies + Xis2) o] 


85, Theorem. If m,,.,.---,,, is the function >. yf g#....g{ , summation 
over all permutations of 1, 2 .... ¢, then 


mMs, ae Sag: IG, A,. ae 14 A (p* 61) (p* ba) - re - (p* bt) 


86, These numbers m and functions x are called invariants of p, or of 
Pi, Pz ----, a8 the case may be, since they do not depend on any particular 
system of units. It is obvious that any function of p,, p, ...- p,, containing 
only ¢-pairs, is an invariant! in this sense. 


87. Theorem. If pa = 0, then y'.a= ma, PX .a=mMpa=—V0 
xz". 


Ya a 


a = M,a 


In general, if pa = ga, then 
%-a=(m,—g)a........ 4° .a=(m—migt....+9%)a 
If . P% =9 a, + ay P Ay = J Ae 
“°° .a, = (m, — mg +....+ 9°) a, — (m,_, — M,o9---- Fg") ay 


Similar results may be found for the other latent regions of - 


1Cf. M’Auway 1. 


* J 
“ea CAL ICORNIAH 
> ALORS 
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Se 
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Ill. THE CHARACTERISTIC EQUATIONS OF THE ALGEBRA. 


88, Theorem, Of the units taken to define the algebra in the preceding 
chapter, certain ones will be of pre-character a, post-character @. Let the 
number of such be represented by ,,. Then the total number of those of 
post-character @ will be 

Mg = Mp + Mog + .--- + Mpp 
The number of pre-character a will be 
Mi, = Nyy + Meg + ees +My 


89, Theorem. We may state the general multiplication theorem again in 
the following form, ¢ being any ase 


ci. S OF 4 EE 
i=l 


where 

k—k2z0 Mis —k > — he iy — ta; 
In this equation each coefficient a is a linear homogeneous function of certain of 
the coordinates x of ¢, namely those of type x{!? where ‘&4, combines with 
“£%,, without vanishing. 


90. Theorem. If we multiply ¢ into each unit, and form the equations 
resulting from the pre-latent equation’ of ¢, say A’.¢ = 0, we have at once, 
because the units have been chosen for the post-regions of a certain number &, 

A.C = AiG. AL... ALS 

The orders of these determinant factors are nj, nj; . 

being equal to r. 


n,,, their sum 


91. Theorem. An examination of the determinant Aj shows that it may 
be divided into blocks by horizontal and vertical lines, which separate the 
different units ‘£¢,, *€!,, .... according to the power of 6; which produces the 
units, the order being 


aie A 


There are u,, columns and rows of blocks. But, from the properties of the 
coefficients a, the constituents in the first block on the diagonal are the only 
constituents in any block on the RR Hence we may write” 


Ai= Ata Ata. ... Ajst; 
i 


92. Theorem. The determinants Aj,, s=1.... ¢,, are irreducible in the 
coordinates of Z, so long as ¢ is any number. For, if one of these determinants 
were reducible, then the original separation by idempotents could have been 
pushed farther—as this separation was assumed to be ultimate no farther 
reduction is possible.* 


10n the general equation see Stupy 2, 8; Srorza 1,2; Scuerrers 1, 2,3; MoLigN1; CaRTAN 2; 
SHaw 4; Taper 4; Fropentius 14. 
2SHaw 4. Cf. Cartan 2. 3.Cf. CARTAN 2, 
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93. Theorem. Confining the attention to Aj,, let the units *&), whose pro- 
ducts by ¢ give Aj,, be h in number, with the pre-characters a= 1,....,/, 
f<h. The coordinates «x appearing in the coefficients a, must be of the form 
x), It follows that if ¢ be chosen so that all coordinates a not of these 
characters (a; G2), @, @=1.... f, are zero, then the value of Aj, will not 
be affected. The aggregate of such numbers, however, obviously constitute a 
subalgebra which includes x,,a=1.... jf. These numbers, say ¢"%, when 
multiplied together yield a pre-latent equation 6,,= 0, which must be a power 
of Aj, and therefore irreducible. It follows that if we treat this subalgebra 
as we have the general case, we shall find but one shear making up the whole 
of each latent region. Consequently the units of this algebra take the form 


ea. [Gin decd os. F) 
They may be so chosen that 
Gp eee 


1 43 a3 04 ag ag a1 44 


The partial moduli are evidently’ 
Cag. lage sss ie 


94. Theorem. Since any unit *&* may be written e,, *£* it follows that no 
expression é,,, “£° can vanish, else 


Can Ca,a ay = Can ae = 0 
Hence if there is one unit *£°, there are all the units’ 
ease "EP = °F (=1....f) 


95. Theorem. The units of the algebra may therefore be represented by 
the symbols 


eg 


(x) 
Cay &ys 
where the numbers e{) and e are such that 
ea 
es es a Six Sey ey 
The numbers ¢,, form an algebra by themselves, such that its equation consists 
of linear factors only,’ as 


Ay = (a0 — ¢) 


96. Definition. An algebra whose equation contains only linear factors 
will be called a Scuerrers algebra. If, further, it contains but one linear 
factor, it will be called a Prrrce algebra. If it contains factors of orders 
higher than unity, it will be called a Carran algebra. An algebra consisting 
of units of the type e{} only, will be called a DepEKinp algebra.t The degree 
of an algebra is the order of its characteristic equation in ¢. 


1 MOLIEN 1 (urspriingliche systeme); Cartan 1,2; SHaAw 4; FROBENIUS 14. 

2 CARTAN 2; FROBENIUS 14. 

®CarTAN 1, 2, On the ‘‘ multiplication” of algebras by each other, see CLIFFORD 8; TABER 1; 
ScHEerrers 3. Cf. TABER 4; Hawkes 1, 2; FRoBENIUS 14, 

*On classification see SCHEFFERS 3,4; MoLiEN 1, 2,3; Cartan 1,2; SHaw4; B. PEirce, 1, 3. 
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97. Theorem. Let the algebra be of the Scheffer’s type. The irreducible 
factors of its pre-latent equation are all linear; hence in the latent post-region 
of any root of &, the shears are of width unity only. The units defining the 
i-th region become 


“Ete a=-1....p Deas esr rere. $= 1... My; 
Hin > [Lis nae > bie, 
The product of ¢ into any unit is’ 


¢. a a — aPeys_. PES ki 


ki—k20 Ulsy— hk > — ke gy — wi; goat Lok 


where 


98. Theorem. If we remove from this algebra all idempotent units, the 
remaining units form a nilpotent algebra of r— p dimensions. The equation 
A’ ¢ =0 reduces in this case to a determinant whose constituents on the 
diagonal and to the right of the diagonal all vanish, hence it is evident that 
the product of any two of its numbers is expressible in terms of at most 


r—p—1numbers. Let the original units be 9,11, $pi2 ---- @- Then the 
products ¢,9,, do not contain a certain region defined by a set of units 
Poti s+ Pptm (A, > 0) 


The products of these h, units (which constitute the region ¢,, let us say,) 
among themselves and with any other units, are linearly expressible in terms of 


Ppin+t (t i Be a P ae hy) 
Similarly any product ,, $,, $;, can not contain a region «,, defined by 
Ppt +++) Poin, Pptmtt +++ Pptmin (h, > 0) 


Hence {¢,}.Je}, {e}.{e$, and {e}./e,} depend only on ¢,,,, >, +A). 
Proceeding thus, it is evident the domain of the nilpotent algebra may be 
separated into regions defined by classes of units which give products of the 


form 
ech + Leys = Lees (k >t, k>J) 
In particular, the units of the Scheffer’s nilpotent algebra may always be 
chosen so that, if they are 7,, 7; ...-, then 
Nj = ZV ign NM (k >i, k>7) 


It is also evident that for any 7— p+ 1 numbers ¢, we have 


1+ be + +++ Or_p41 = 0 


The® products of order 7 form a sub-algebra of order 7’, 
r<or—Il+2 


' Suaw 4, 5. 2ScHerrers 3; Cartan 2; SHaw 5; FRoBENtus 14, 


3 
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99. Theorem. In any Cartan algebra the units may be so taken as to be 


represented by . 
e®, Ope Bre G0 = 1 a 28) 


noak (4,j=1....p OG Bien to ee 


The laws of multiplication’ are 


j a i 
ef, ef} = Sy Sp, ef 
eee At Adaya D 
evs nos aoa Say Siu Meek; n Br eV) — S55" Spy Nek 
i ae ny 
np. 1 Brrr = di Oe a! 1eDen; ki! De k, ki! > k 


100. Theorem. Returning to the Scheffers algebra, if we retain only its 
nilpotent sub-algebra and the modulus, we shall have a Peirce algebra. The 
equation of this algebra will contain but a single factor and the pre- and post- 
characters of its units may be assumed to be the same. The nilpotent 6 becomes 
the sum of the nilpotents 6, + 6,....+6,. The product of ¢ into any unit 
may be written’ 

Cen = X Ay 519 — 1 Egret 
ki'— k20 by —k > — kh uy — wy GSgUtK SE 


101. Theorem. Let the characteristic equation of any number be 


mo fmt. + ()B f= 0 (m <r) 


where /, is a homogeneous function of the coordinates of order 7. Differen- 
tiating this equation, and remembering that d¢ is any number, we arrive at m 


general equations connecting 1, 2,...., m numbers of the algebra: as 
Caper Oe ale Pea ee ate Ate) on Be (4) eee 
+A). 07? G+ i] +..--=0 


(Cr? 00g +----) —ete. = 0 


These equations are the second, third, etc. derived equations of the algebra, 
according as they contain two, three, etc., independent numbers ¢), ¢:, 
etc. These equations lead to many others when the scalars of ¢ are intro- 
duced.’ The new coefficients £,(fa,....¢a,) will be called the scalar charac- 
teristic coefficients of order ¢ for (,.---¢a,. They usually differ from the 
coefficients m. 


102. Theorem. The general equation of r numbers of the algebra of order r 
is written (= representing the sum of the 7! terms got by permuting all the 
subscripts) 


EG bale-- )— Beem hs» Soha «+ Sp) +Blmthe, Be. Gs. 
fi) m..G: G0 


1 CARTAN 2, 2Suaw 4, 5. 3 TABER, 2, 38. SHaw 4. 
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In this equation, omitting the subscript 1, so that m=m, 


m(fi,o)) =mg,.mo;,— me, 0, = m, (6), ;) 
ms (Cir Sis Sx) = Mi. ; « MO,— ME, . ME; CF, — MO; . ME; Ci), 
— mm, . m6; Gj + m6; ¢ Ce + moon S; 
= M5 (Cis Sas Si) = Ms (C5, Ses Si) 
= m6; . mM, (C5, Sx) + mC; - m2 (Fi, Sx) + MG, « m2 (Gi, i) 
— 2m; . mC; ml, + mG, Gj Ce + me, AF 


These formule follow from the identities 


8Ms (Pry Pr «+» Pi) = ™ [M, _ 1 (Gr, Hy - - Pi) - Pi — M2 (Gr - - - G1) - PF 
+ ...+ (— 17? mg (9, 91) - PI-? + (— 1)? m2, d . 7? + (—1)**!.. oF] 


and 
Me (Pr +s Pi ves Pj +++ Pg) = My (Py. Pj eee Pi ++ Ps) a mig Bee 

We arrive at the formule directly by differentiating 

mo, 1 OO) P50: aoe a0 

mo; md, 2 0 oo OB 

mo, mdi m SO 0 
ok as Ni he sree 

OK ROT MOT ne ee ae 

er ae Mier mop, 


103. Theorem. A study of the structure of all algebras of the Scheffers 
type gives us the structure of all algebras of the Cartan type, as we may pro- 
duce any Cartan algebra by substituting for each partial modulus of the 
Scheffers type a quadrate, and then substitute for each unit of the algebra a 
sub-algebra consisting of the product of this unit by the two quadrates which 
correspond to its characters.’ 


104. Theorem. Each Scheffers algebra may be deduced from a Peirce 
algebra by breaking the modulus up into partial moduli, accompanied by 
corresponding separations of the units. For, if all partial moduli of a Scheffers 
algebra are deleted from the algebra, leaving only the modulus, and a set of 
nilpotent units, we have a Peirce algebra. Any Peirce algebra may be con- 
sidered to have been produced in this manner, so that to any Scheffers algebra 
corresponds a Peirce algebra, and to any Peirce algebra correspond a number 
of Scheffers algebras. 


105. Theorem. Ifthe characteristic function of an algebra be 
ra ghee Aire = 0 
wherein A, is a determinant in which ¢, the general number of the algebra, 


occurs only on the diagonal, and the other constituents are linear homogeneous 
functions of the coordinates of ¢, and if we substitute for where it occurs y, 


1CarRTAN 2. Cf. MoLien 1; SHaw 4. 
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any arbitrary number of the algebra, then the resulting expression may be 
written C (J) = Ap (J) Ay (p)....Afp (hp). This expression will vanish only for 


al REG Re eI Re, 


wherein A’, has the meaning given in part II, chapter XIX, art. 3. 
Thus the algebra whose characteristic equation is 


Hoy —F Lo i 
x'9€ —S6)=—0 
; 19 11&— F (20 s) 
gives the expression 
ryy— Y Xi " 
eg —W=C 
219 yy — Wo ( : ¥) (¥) 


This expression vanishes when and only when) =—q,, Aq, or g,; wherein 
Gi = Log Ayy H yy Avg A oy Arg HF X19 Avy 
Keqy = 211 Ax A Xo) An + Xt Aer + X19 Are 
Ja = Xp Azz 
That is, the expression is factorable into (~ —q,) (W — Kq,) (Y— q). 
As a corollary, the expression 


Ayy — O ay 22+ +Agn-1 
Ayo Qi, — 6 Qy n—1 
An—10 An—11 An~1 n—1 ~~" 6 


is factorable in the matric range of q,, Kq,.---K"" q.- 


IV. ASSOCIATIVE UNITS. 


106. Definition. The multiplication formula in §100 may be used to intro- 
duce certain useful new conceptions. It reads 


¢ , Ex — LAyr; ki—k Eons 
Let us consider an algebra made up of units which will be called associative 
units, represented by A,,,, such that 


Ais « Ej = CDiy » Ein et 
where 


e=1 if uy>k 2 u— uy k20 +>j if k=0 

e=0 ifu,l k<uj— wy 
Since there is a modulus é, and since &),= Eye, every unit &, is expressible 
as a sum of these units A,,;, multiplied by proper coefficients, and every number 
¢ is expressible as a sum of the units with proper coefficients. Hence, we may 
express ¢ in the form 

C= . tg ae 
bo k2u,—-u 20 t>j when k=0 
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The Peirce algebra is expressible therefore as a sub-algebra of the 
algebra of the associative units whose laws of multiplication! are 


. 


Dist Runs = Dy CAig e+ w 
where 
b> 2 uy — uy k' 0 t>J' when k’= 0 


c= 1 ifw>k+h2Zu,—u k+h20 t>y'’whenk+h=0 
Pa if Kj = kt hi<u;— uy 


107. Definition. An expression of an algebra in terms of associative units 
will be called a canonical expression. In many cases the associative units are 
the units of the algebra, in part at least, but the units of the algebra will 
frequently occur as irreducible sums of these units with certain parametric 
coefficients. This theorem extends C. 8. Prerrce’s theorem that every linear 
associative algebra is a sub-algebra of a quadrate” of order 7”. 


108. Theorem. The Scheffers algebras derived from this Peirce algebra 
have partial moduli of the form 


€ = 2Aj, 50 i Aer Ji 


When each partial modulus e; is of the form A,9, the Scheffers algebra coincides 
with the algebra of which the Peirce algebra is a sub-algebra. Such Scheffers 
algebras will be called primary algebras. The units in any Scheffers algebra 
are separable into classes according to their characters, those of character 7 
having in their expression units 4 of the type 


Majik or Aj,sk I pomend { Coe e ke Ji 


109. Definition. The units of a Scheffers algebra are separable into those 
of characters, (aa), and those of characters (a8), a+ @. Those of characters 
(aa) constitute the direct units. Those of characters (a@) are the skew units. 


110. Theorem. The pre-latent (post-latent) equation must contain the 
factor (Ajj —) to that power which is the sum of the multiplicities belonging 
to 2: 

wa? sb gg? Pes ee 


The characteristic equation will contain (a;,— ¢) to that power which equals 
the maximum multiplicity‘ u({?. 


111. Theorem. A Cartan algebra will have for a canonical expression 
i = p> asp Aa80 ye 


where the units % and 2’ are independent of each other. 


1SHaw 4, 5, 2C, 8. Perrce 1, 4. 3 SCHEFFERS 3. 4Scnerrers 3; SHaw 4. 
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112. Theorem. We may obviously combine these forms into still more 
compound expressions as 
c= » Dis jx) (dodoha) * A bah A Picks ky * 
Such numbers are evidently associative, and could be considered to be the 
symbouic product of algebras with only one A. 


113. Theorem. Returning to the equations of the algebra $108, we see 
they evidently depend on those associative units which are of weight zero. 
The equations are 

CRO eer ee Ae Tas Net 


S ny w; 
prelatent: 0= Al.¢ = il. Ag 


E ny iW; 
post-latent:' O=A".¢ =I. Ae 
i=1 
114. Theorem. The number A, () can not contain any associative unit of 
the form 4,; 9, where the constituents of A, are of the form? a,,9, 
ji=1....g,. The factor A; (Z) is the i-th shear factor of ¢. 


115. Theorem. The product A,¢.A,¢ can not contain any associative 
unit of the form A,;0, OF A;;0. The theorem may be extended to the 
product of any number of shear factors.” 


116. Theorem. The product (A, ¢)” can not contain any associative unit 
of the forms 
Aj,i09 Mid See -Aj,j,m—1 


117. Theorem. The third subscript in A,,, /, is called the weight of 2. 
Every number ¢ may be written in the form 


C=O 4 LOH. Eem a20,b>a 
The weight of [ is the weight a of its lowestterm. The weight of the product 
of two numbers is the sum of their weights. 


118. Theorem. The terms ( constitute an algebra. This inay be called 
a companion algebra, and may or may not be a sub-algebra of the given 
algebra. The quadrate units of an algebra evidently belong also to the 
companion algebra. 


119. Theorem. To every transformation of the units of a companion alge- 
bra corresponds a transformation of the units of the given algebra. Hence 


1 CARTAN 2. 2SHaw 4. 
®Cf. MOLIEN 1. ‘‘Begleitende’’ systems include these comyanion algebras, and may or may not be sub- 
algebras of the given algebra. 
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the (® terms may always be taken according to the simplest form for the 
companion algebra." 


120. Theorem. Ifthe general equation of an algebra is 


oo —m, 6! + mor? .... =0 


and if when €=>2,e, we puty =>. a then Y.m,=0 gives r equa- 
{=1 i 


i=1 
tions, not necessarily independent, from which the r coordinates may be 
expressed linearly in terms of 7, arbitrary numbers. These determine the 
nilpotent system; or from the 7 — 7, coordinates which vanish, the DEDEKIND 
sub-algebra.” 


121. Theorem. Since y= ¢Ifv, and l@v.p =, therefore 
V-m(p—)=V Tg, (963) = 62.107 - £01 (061) = EP IGES 
But I. 0, (f, $;) = m, (f,), therefore we have 


Vm, (p) = $2 ™ (82) 
This can vanish only if 
m, (e,) = 0 ee ES 
Again, 
Ms (p) = If, Ag, A (p61) (pe) 


hence V mz (p) = fs 1; Ale A [(F5 81) (902) — (Ss S2) (951)] 


pat ov. To (Ss $1) IG; (poe) 
i at Te» (S801) Ts (62) 


Toi (6:01) Ley (p62) 
Ie. (6 61) te (p02) 


= 25 e; (I. f1 (6:01) 10s (pS2) —Les (4p Se) ] 


= 3 Se 


i 
i=] 


aks ze [m, () hie | (9) aii § (4 p)J 


This vanishes if, and only if, 
TEs (401) 18s (pS2) — 162 (ep Se) = 0 t=1...-7 
or | 


2 a, {m, (e;) m, (e))— my (e% e)} = 0 i=1....9 


— 


These are the equations referred to in §120. The method used here has an 
obvious extension. 


1Cf, SHaw 5. 2 CARTAN 2, 
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V. SUB-ALGEBRAS. REDUCIBILITY. DELETION. 


122. Definition. A sub-algebra consists of the totality of numbers ¢ such 


that 
fi hich! C = a; 4 f= 2 oF £ 
or Whic 

G1 Se ==. we! Yun i,j, kl... 


123. Theorem. In a Scheffers algebra all units with like pre- and post- 
character (aa) define a Peirce sub-algebra.” 


124. Theorem. The Peirce sub-algebras formed according to § 123 define 
together the direct sub-algebra. The characteristic equation of this sub-algebra 
does not differ from the equation of the algebra.’ 


125. Theorem. The quadrates form a sub-algebra, the semi-simple system 
of Cartan,‘ called a DEDEKIND algebra.° 


126. Theorem. All units in a Cartan algebra with characters chosen from 
a single quadrate form a sub-algebra, the product of the quadrate by a Peirce 
algebra. Its equation has but one shear factor. 


127. Theorem. All sub-algebras of $126 determined by the different 
quadrates form the direct quadrate sub-algebra. Its equation does not differ 
from that of the algebra. 


128. Theorem. All numbers which do not contain quadrate units form a 
sub-algebra called the nil-algebra (Cartan’s pseudo-nul invariant system).* 
The units of this system are determinable to a certain extent (viz. those which 
also belong to the direct sub-algebra of § 127) from the equation of the 
algebra. The other units are not determinable from the characteristic 
equation of the algebra.° 


129. Definitions. All numbers ¢, which are expressible in the form 
e— > Xs e; eS 
¢=1 


form a complex. The entire complex may be denoted by £,, H,, etc. H= KH, 
denoting the original algebra.° 


The product of two complexes consists of the complex defined by the 
products of all the units defining Z, into the units defining F,, indicated’ by 


ee 


An algebra FE is reducible when its numbers may. all be written in the 


1On the general subject see Stupy 1, 2,3; ScHEerreERs 1, 2, 3, 4,7; B. PetrceE 1,3; Hawkes 1. 2. 
2? ScHEFFERS 3. CARTAN 2, 3SHaw 4. 4 CARTAN 2. 5 FROBENIUS 14, 
6 EPSTEEN and WEDDERBURN 2. 7EPsTEEN and WEDDERBURN 2; FROBENIUS 11. 
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form =f, + ¢, where ¢, belongs to a complex £,, ¢, to a complex £,, such 
that,} 
"BE. E=E, E,. F,=0 E,. E,.=0 E,.E,=£, 


An algebra is irreducible when it can not be broken up in this way. 
When reducible into a complexes we may write 


| a Oe a oO 


130. Theorem. An algebra is reducible into irreducible sub-algebras in 
only one way.” 


131. Theorem. The necessary and sufficient condition of reducibility is 
the presence of A numbers e, .... ¢,, such that if ¢ is any number,’ 


tae =e 626 =e. = | it... toto 


132. Theorem. The characteristic function of a reducible algebra is the 
product of the characteristic functions of its irreducible sub-algebras.” The 
order is the sum of the orders of the sub-algebras, and the degree is the sum 
of the degrees of the sub-algebras. 


133. Definitions. The region common to two regions, or the complex 
common to two complexes #,, H,, is designated by #,,. If the complex £, is 
included in the complex £, this will be indicated by® £, < £,. 

The reducibility used by B. Peirce is defined thus, # is reducible‘, if 


k=£,+ #, EY Ey, Es E, E, E, = Ey, Ei, E, * Ey 


An algebra is deleted by a complex F, if the units in #, are erased from 
all expressions of the algebra, including products. The result is a delete 
algebra, if it is associative. It may not contain a modulus however: 


134. Theorem. Let the product of fo be given by the equation 
1....7 r 
Co = FU Ys Vix Oe = DX Thx 
i,j,k k=1 
If the units may be so transformed that the product may be expressed by 
means of the equations 


1....97 
Li = DL UYu Vi és hii, + <<? 
j,% 
1... . 
euse = Lj Yk Vive Jv=r +1 Pe ae ig 
ds 2 
then the units e,.... e,,, define a delete algebra,® called hereafter a Mo.LiEn 


algebra. If an algebra has no MOLIEN algebra, it is guadrate. 


'See references § 122. 2? ScHEFFERS 38, 4. 3 EPSTEEN and WEDDERBURN 2. 
4EPsTEEN and WEDDERBURN 2. On the definitions of reducibility see EpstzeN and LEONARD 3; 
LEONARD 2, 


5ScHEFFERS 3,4; Hawxes 1, 3. Cf. MoLtien1; SHaw 5. 
®MOLIEN 1. This is Molien’s ‘ begleitendes”’ system. 
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135. Theorem. A Motien algebra of a Morten algebra is a MOLIEN algebra 
of the original algebra. Two MoLien algebras which are such that the co- 
ordinates of the numbers of the two algebras have g linear relations, 7.e., whose 
numbers are subject to g linear relations, possess a common MOLIEN algebra 
of order g, and conversely. If the Mo.ien algebras of an algebra have no 
common MotuigN algebras, then the numbers in the different Mo.ren algebras 
are linearly independent.’ 


136. Theorem. If the complex of the linearly independent numbers of the 
form €o—of be deleted from an algebra, the remaining numbers form a 
commutative algebra.! 


137. Theorem. If the commutative algebra of §136 contains but one unit 
the original algebra is a quadrate.! 


138. Theorem. If the delete algebra in § 136 contain more than one unit 
it may be further deleted until the delete contains but one unit. This unit 
will belong to a quadrate algebra which is a delete of the original algebra. 


139. Theorem. The scalar of any number contains only coordinates which 
belong to the units in the commutative delete algebra. 


140. Theorem. The pre- and post-latent functions of a delete algebra are 
factors of the corresponding equations of the original. The characteristic 
equation of the delete is a factor of the characteristic equation of the original.’ 


141. Theorem. The two equations of a quadrate delete algebra are powers 
of the same irreducible expression.’ 


142. Theorem. An algebra is a quadrate if its characteristic equation is 
irreducible and if the scalar of any number contains only coordinates belonging 
to the units of the quadrate (which may be a delete algebra).' 


143. Theorem. The irreducible factors of the characteristic equation of an 
algebra are the characteristic functions of its delete quadrate algebras.’ 


144. Theorem. The number of units of a delete quadrate is the square of 
the order m, of its characteristic equation. If they are e,;, then 


C45 Cy = Dye Cun 4,5, %, ¢=1....™ 
The delete quadrate is also a sub-algebra of the original.’ 


145. Theorem. If, in a Scheffers algebra, the product of ¢ into and by the 
units ¢,, €,_,-...€—,,, vanishes, provided ¢ is not a modulus or a partial 
modulus, then the algebra may be deleted by the complex of e,....¢,_,,.. The 


1MOLIEN 1. 
2Mo.uien 1. Molien points out that the units may be classified according to their quadrate character, 
thus approaching Cartan’s theorem, § 99. 
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delete algebra will have an equation with all the factors of the original algebra, 
but each appearing with an exponent less by unity for each deleted direct unit 
belonging to the factor. 


146. Definition. The deficiency of a Peirce algebra is the difference between 
its order and its degree.” 


147. Theorem. The units of a Peirce algebra may be so chosen that, if it 
is of deficiency J, one unit may be deleted, giving a delete algebra of deficiency 
§— 1, which is a sub-algebra of the original.’ 


148. Definitions. An algebra F is semi-reducible of the first kind when it 
consists of two complexes, /,, HZ, such that,’ 


LE, By s E, Ey Ei, By E, ES BE, Ef, E,< E, 
An algebra is semireducible of the second kind when it satisfies the 
equations‘ 
Ei, Ey s E, E, E, = E, HL, E,=0 E, E, = E, 
If in any algebra 
EE, BSE HE, Bi, = E, HK, E, = E, E, Ei, < E, 


then £, is called an invariant sub-algebra.° 


149. Theorem. If # has an invariant sub-algebra H,, the algebra A’ pro- 
duced by deleting £, is a delete of H, called complementary to® Ey. 


150. Theorem. If #, is a maximal invariant sub-algebra of H, and if there 
exists a second invariant sub-algebra H, of EZ, then either F is reducible or £, 
is a sub-algebra® of £;. 


151. Theorem. If #, and £, are maximal invariant sub-algebras of H#, and 
if H,, +0, then #, is a maximal invariant sub-algebra of both H, and £,.° 


152. Theorem. A normal series of sub-algebras of EH, isa series £,, E,,....- 
such that £, isa maximal invariant sub-algebraof £,_,(A)>=£). If Ky, K,...- 
are the corresponding complementary deletes, then apart from the order the 
series K,, K,, .... is independent of the choice of H,, H,,....° 


153. Theorem. Let a, be the order of £,; /7,, the difference between a,_, 
and the maximal order of a sub-algebra of H,_, which contains EL, ; k,=a,_;—4@,. 
Then the numbers /,, 7,, .... are independent of the choice of the normal series 
apart from their order. A like theorem holds for k,, k,,....° 


154. Definition. An algebra which has no invariant sub-algebra is simple.° 


1SCHEFFERS 8. z 2 STARKWEATHER I. 3 EPSTEEN 1, 2. 
4 EPSTEEN 1. 5 EPSTEEN and WEDDERBURN 2, 
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/ 


155. Theorem. The complementary deletes A,, K,,..-. are all simple.’ 


156. Definition. The series H, P,, P., ....is a chief or principal series 
when P, is a maximal sub-algebra of P,_, which is invariant’ in £. 


157. Theorem. The system of indices of composition is independent of the 
choice of the chief series, apart from the sequence.’ 


158. Theorem. An algebrais irreducible if its quadrates may be so arranged 
Q:, Q2-.-- Q, that there are skew units of characters (21), (32) ....(pp—-1), 


VI. DEDEKIND AND FROBENIUS ALGEBRAS. 


159. Definition. A DrprKINp algebra is one which is the sum of quadrates 
O;, 0.2... @.. Tis order’ ie ty, +. 


160. Theorem. A DepeKIND algebra has a sub-algebra of order h, whose 
numbers are commutative with all numbers of the DEDEKIND algebra. No 
other numbers than those of this sub-algebra are so commutative.* 


161. Theorem. A DEDEKIND algebra is reducible and the sub-algebras are 
found by multiplying by the numbers e,, a= 1 .... h, in terms of which the 
commutative sub-algebra may be defined. [e, es = S.se,]-° 


162. Theorem. The characteristic equation of a DEDEKIND algebra is 
A, A, .~.. A,= 0. The pre and post-equations "are AY Ay’... Ay* = 0, 


163. Theorem, If a DEDEKIND algebra has only linear factors in its equation 
it is a commutative algebra.°® 


164, Theorem. The scalar of e¢, is given by the equation 


2 
Ww 
S.e,= — 

r 


The scalar within a single quadrate, Q;, may be indicated by S,;. For any 
number we have° 


S.2=z8,.¢ f=1....h 
t 


165. Theorem. An algebra is a DEDEKIND algebra when in the general 
equation, m,, the coefficient of ¢"~*, contains each coordinate in such a way 
that the equations 


dm : 
eee — 0 ) — 1 Ce ee ee T 
Ox; 
give ° RR 
1 EpsTEEN and WEDDERBURN 2. ?ScHEFFERS 38, 4. 
3Cf. FRoBENIUS 14, CarTAan 2. This is Cartan’s semi-simple algebra. 
4Fropenius 14. He calls these invariant numbers. 5 FROBENIUS 14. 


®CarTAN 2, see §121. Evidently | m, (e,, e) | +0. 
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166, Theorem. If A, is the determinant shear factor corresponding to the 
quadrate Q;, then S;. A; =0 for all numbers of the algebra, and if ¢ is the 
partial modulus of this quadrate,’ 

Ae, 


The ¢ + 1 scalar coefficient of any numbers vanishes; i. e. 


mia(E, «+» £) =0 
167. Theorem. If A; (a) = A, (4) then for a determinate number? c 
6, acs 


168. Definition. A Fropenius algebra is one which can be defined by r 


numbers 0, ...-. 0, which satisfy the equations 
Ort = & = 0, mms eg 
0; 0; = 0% ou; | 0, = 0; 0) 0,674 Te eam 
0,0; . O, == 0; - 0; 0, ie righ ae Farry 


The multiplication table of these units defines a group, and any group of finite 
order or infinite order may be made isomorphic to a FroBEntus algebra.® 


169. Definition. Two units 0;, 0, are conjugate if for some determinable 
unit 0; , 
0; = 0,0; 0; | 
If we operate on 9; by all units of the algebra, o,....0,, we arrive at 7, 
different units as results. These are said to constitute the ¢-th conjugate class. 
There will be & of these classes. Also 7, is a divisor of 7. 


170. Theorem. For each unit in a conjugate class we have (as 9; is the 
modulus or not): 
S. 0,0,0,)= S.0,==1 or 0 


171. Theorem. Ifthe sum of all the units in the ¢-th conjugate class be K;,, 
then for any unit 


K,0,= 0, K, Te Eee a 
There are & different numbers K,, A,.... K;,. 
172. Theorem. The & numbers K,,¢=1.... constitute a commutative 
algebra of & dimensions, that is 
Ki HE > ,, © ee ee 


173. Theorem. We have (according as 0, is not or is the modulus): 


7 
S.K,=—- S. 260,07 SAA. O55 0 ors, 


174. Theorem. A Fropentus algebra is a DepDEKIND algebra of & quadrates. 
The & numbers K, determine the & partial moduli, one for each quadrate. 


1FROBENIUS 14. SHaw 4. 2 FROBENIUS 14. Other theorems appear in Chapter XIX, Part II. 
3’ FROBENIUS 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 18; Dickson 1, 2, 3, 4; BURNSIDE 1, 5; PoincargE 4; Suaw 6. 
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The widths of the quadrates being represented by w,,1=1....k, we have 
Ky = Ie te 
175. Theorem. It follows that if we take scalars 
¢. SK, =r=sw tw... +0; 
r. SK; = 0 = wi gy + W392 ++ + WEIR ee Beeps 
176. Theorem. Let the scalar of o, in the quadrate i be represented by 
So,, or s?, then : : 
SO; pars 20. 2 wis? 
177. Theorem. We have 
SOK, = gu 8° ==. SP = 78? 


Hence k 
r=wis) + wis? + .... + wis? 
Lat 2 (2 a2 alk a2 
0 = wish? + wis? + .... + wp 1 cmeclal) Sat agg 


If we write for w, s\ the symbol y%, (called by Fropenius the 7-th 
characteristic of 0;) we have 


Ae 
Vie Fe 
ur A aa? Oe 


where A is the determinant | yj?, v.... y| and A, is the minor (including 
sign) of w;. This determinant A evidently cannot vanish. 
k (i) 
at Ky= 7, = &% a = 7, > e5,° 


ae i 
and 
Chey = 7 ai 
178. Theorem. Hence 
k 1 
OS eM erent Bye Oyen we ae 
k ) k 
sy) Ky], .- ++ 8g? |. |g? 6? .-- off? 


(1 k 1) k 
Ge og freee 8 Page 1c ere Ne 
a 
1) 2 k 
De = pe Ay 
a i 
E= 


179. Theorem. For all values of a, b 
Ge 000, 0n- 7 go, 0; Ae se TS 10,8". 
d=1 Tp 


or a gir r 

re) gf == S® 0, 04 0, 03 * 

or ths ; ; 
ee / 

7, 4 Xb = w,> Mics 
b c 


where ’ takes 0, over the 7, values in the conjugate class! of 0,. 
c 


k k 
2 ies (u) ® ad as 1 pu) 
Also? w;, w; 8? s& = > tin &y oF x2 x‘? = 2d iju Ho 
= t= 


1See references to §168. These apply to theorems following. 2 BURNSIDE 5. 
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r 


180. Theorem. 


: A Y ? 
—1 io 
- 8, 0,051 So, =—, So, 
b=1 wi 
r 
181. Theorem. = 0, 0p oe 2 Oy ae $+) 


- 9 


182. Theorem. > So, . S°o= -s 


b=1 Wj 


-. 
: F I: : 
163. Theorem. == 1S" 0,0," S“ 0,0, — a) S . 04 0% 


b=1 t 
: r 

184, Theorem: . > SY. 0; 6; 6,0, =, 
a, b=1 Wi 


185. Theorem. If 0, is an independent generator of the group of units, 
0) --++ Op_y, and if we form the ¢-th LaGrangian of 0,, that is, 


1 as za 
Su=za, (1 + oo, +o*%of + .... + o™—Mo™—") 


where w is a primitive m,-th root of unity, and m, is the order of 0, (0,;"1 = 0) 
then for any number of the algebra, ¢, we have a product 


chit 


such that all numbers of the algebra are separable into m, mutually exclusive 
classes of the forms (where it is sufficient for ¢ to be any one of the units 0, 
when the group is written in the form 0; 0). 


ae | 6 ss 7) 
Chit = Soh Chie- fig = 0 st 


186. Theorem. If 0, is a second independent generator, then we may 
determine the equations of 0, f,(¢=1....m,). The latents Z;, determined 
as in § 48, used as right multipliers, separate the numbers of the algebra into 
mutually exclusive classes, such that if these latents are f,,, then (if 


uptu,tt?) 


For €f;, we have? 


Chie Siew = CAite Chi, Jat 20 


This process of determining latents by the independent generators may be 
continued until they are in turn exhausted. 


187. Theorem. The ultimate latents are scalar multiples of independent 
idempotents of the forms A{}, wherei = 1....w,; s=1...-k%. Multiplication 
right and left by these idempotents will determine every quadrate unit {%, 
*j=1.....w; ¢=1.... &, in terms of the c generators 0, .... 0,. 


188. These results may be extended easily to cases in which the 
coefficients of the units 0, are restricted to certain fields. 


1§naw 6. This reference applies to §§ 186, 187. 
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VII. SCHEFFERS AND PEIRCE ALGEBRAS. 


189. Theorem. Every Scheffers algebra with h partial moduli has A sub- 
algebras, each with like pre- and post- characters. 


190. Theorem, The general equation of a Scheffers algebra of h partial 
moduli is of the form! 


h 
II . (a, —Z)*at2t----+% = 0 
1 


i= 


191. Theorem. Every number of a Scheffers algebra satisfies the general 
equation of its direct sub-algebra, which is 


h 
TI (a,— ¢)* = 0 
i=] 
This equation is the intermediate equation of the algebra. 


192. Theorem. The characteristic equation of a Scheffers algebra is 
h 
Nl (a;— ¢)"i = 0 
i=1 


193. Theorem. A Peirce algebra may have its units taken in the form? 
bea ee epee — Oe a — 1 


194. Theorem. Units containing 6‘, ¢ > 0, may be deleted, and the 
remaining numbers will then form a companion delete algebra, called the base 
of the Peirce algebra.’ 


195. Theorem. Any Peirce algebra may be made to serve as a base by 
expressing its units in terms of associative units of weight zero. 


196. Theorem. The product of two units follows the law‘ 
be ee Eas Oro Xb thst gt pi eon | al e z ¢ + al 


197. Theorem. A Peirce algebra of order 7, degree 7, is composed of the 
units® 
€) = Aj19 Cy = An €3 = Ainge ee eee C= Aur-1 


These have been called by Scheffers, Srupy algebras. 


198. Theorem, A Peirce algebra of order r, degree r — 1, is composed of 
the units 


€1= Ayo + Ax x = Ano + OAigr2 Cs = Ami + Ayer C= Any. ++ -€-=Ane_s 


1CARTAN 2. 2SHaw 5. Cf. Strone 1. 38uHaw 5. 4Suaw 5. Cf. Scuerrers 3; CARTAN 2. 
5B. Peirce 3; ScHEFFERS3; Hawkxks1; SHaw 5; Srupy 3. 
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This is reducible, if a and 6 do not vanish, to the case of a=1= 6b. 

If a=0, we may take b=1or0. If 6=0, we may take a= 1 or 0. 

When r= 4, either a= 1,6 has any value; or a= 0, b6=1; ora=0, 
b= 0. 

fs 5, 4-20, b= 0) 


199. Theorem. A Peirce algebra of order 7, degree r — 2, is of one of the 
following types.” Only the forms of ¢é, e, &, é, & are given since in every 


case 
C5 = Aus +--+ Cra = Aur—a4 €y—1 = Aur—3 


The A will be omitted in each case. 


When r > 6. 


(1). & = (110) + (220) + (3380), type of algebra (0, 7’, 7, 7”... -g’*) 
(11). e, = (210) + (320) + (18 r—2) @=(310)+(127r—2) e, = (111) 


é, = (112) 
(12). e,= (210) + (320) e=(310) e=(111) = (492) 
(13). e, = (210) + (320) 4+ (137—2) e=(3810)+4 (12 7r— 2) 
és = (111) + 2(138 r— 2) . pala) 


(14). ¢,== (210) + (320) e=(810) == (111) +2(13r—2) ¢, = (112) 


(2). e = (110) + (220), type of algebra (2, 7, 17,7”... -g"~”) 
(21). e, = (210) + (127—3) e=(211)+(12r—2) e,=(111) + (221) 


@s ii) 
(22). e, = (210) + (12 r— 3) €, = (211) + (12 r — 2) 
és = (111) + (221) + 2(127— 2) e, = (112) 
(23). e, = (210) + (12 7 — 3) ey = (211) + (12 r— 2) 
es = (111) + (221) +2 (12 r—3)+ 2c (127r—2) 
€, = (112) + 4 (12 r— 2) c= O0if r$8 
(24). e, = (210) + (12 r—3) + (127—2) e = (211) — (12 r—2) 
és = (111) — (221) — 2 (12 7—3) & = (112) 
(25). e,=(210) + (127r—8) e@=(211)—(12r—2) e,== (111) — (221) 
é, = (112) 
(26). e, = (210) -A(127—2) e,= (211) h=Oorlifr4+7 


és = (111) + ,£, (221) +2 (2—c) (12 7—8) eq = (112) +4 (11 r—2) 
(27). e,= (210) +(12r— 3) e=(211)—(127r—3) e,=(111)— (221) 


6, 22:(112) 
(98). e, = (210) +h (127r—2) = (211) ¢== (111) + (291) + 2 (12 7—3) 
¢, = (113) h=0 or 1lifr7 


(29). ¢,= (210) + (127—2) = (211) ¢e=(111) +d (221) = (112) 


1B, PEIRCE 3; ScHEFFERS 8; SHaw 5. 2 STARKWEATHER 1. Cf. SHaw 5. 


4 
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(2a). e; = (210) €, = (211) € = (111) + d (221) e, = (112) 
(28). e, = (210) + (221) 4+ (12 7r—2) e=(211) eg (111) e=(112) 
(2y). e, = (210) + (221) = (211) e,= (111)  e==(112) 
(28). e, = (210) €, = (211) és = (111)+ 2(12 r—2) é, = (112) 
(2e). e, = (210) + (12 r— 2) eg = (211) eg =(111)4+2(127r—2) e = (112) 
(22). e, = (210) + (12 r— 2) e=(211) e= (111) & = (112) 
(2n). €, = (210) é,== (211) e=(111) é, = (112) 
(3). € = (110)+(220) + (830), type of algebra, (i, 7, k, #.... k—*) 
(31). e, = (210)4(12 r—2) €, = (310) é, == (111) €, = (112) 
(32). e, = (210) €, = (310) €; = (111) e, = (112) 
(33). e, = (210)+g (13 r— 2) €p = (810) + (12 7—2) eg=(111) e = (112) 
(34). e, = (210)+(13 r— 2) €g = (310) +(12 r--2) 
e, = (111) + 2(127 — 2) 4 2(137— 2) e,==(112) 

(35). e, = (210)4+(13 r—2) €, = (310)+(12 r—2) 

é3 = (111) + 2 (137r—2) oa 0 8 o>) 
(36). e; = (210)4(127—2)—(18 r—2)  e = (310) +(127—2) = (111) 

€, = (112) } 


(37). e; = (210)+(127—2) e=(810) e,=(111)4+2(13r—2) e =(112) 

(38). e; = (210) +(127—2) e=(810) es=(111)4+2(12r—2) e,= (112) 

(39). e, = (210) €ép = (310) es =(111)4+2(13r—2) e¢,= (112) 
When r = 4, 5, or 6. These cases may be found in XX. 


200. Theorem. A Scheffers algebra of degree »— 1, which is not reducible, 
must consist of two Study algebras, with one skew unit connecting them.! 


201. Theorem. A Scheffers algebra of degree 7 — 2, which is not reducible, 
must consist of 
(A) Three Study algebras, Z,, E,, Z;, with skew units (12), (23); 
(B) One Study algebra, and one algebra of deficiency unity, with one 
skew unit connecting them ; 


(C) Two Study algebras, joined (1) by two skew units (12) (12), o or 
(2) joined by skew units (12), (21). 


202. Theorem. A Peirce algebra whose degree is two, is determined as 
2r—1— V8r—7 
2 

C1, Cp +--+ Cm =F,, such that FE, = £,E=0 
The remaining units are such that 


follows: for m< we may take 


Cm +i m4 j = 2Y mi, ms, k ek € = modulus, k=1....m 
tSr—m—1l- jgsr—m—1 

or in brief? 
E=E,+ &,, Ei = 0, EL, E, = E, E,=0, ESS F,, Ete 1S 


Ym +i, m+j,k = — Y¥m+im+i,k 


ISCHEFFERS 3. 
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One class of Peirce algebras of degree two, and order 7, may be con- 
structed from the algebras of degree two and order less than 7, by adjoining 
to the expressions for the algebra chosen for the base other terms as follows: 
let the units of the base be ¢, ....¢, .... written with weight zero, say ei, 69; 
then the adjoined unit (deleted unit) being e,_, = 2, we have for new units 


| om 

Cin = Cio + Gig Ator + Giz Atsi + ++: 
om 

Cj9 = Cin  Aje Arar + Ag Arsi + 


and a;; = — a, for all values of 4, 7. 
The second and only other class involve units of forms 4, + .... and are 
given by 
Cig = Cig + Oey Agar H+ +++ + ag Avy + ---- 
64, = Cp Hapa + -.. taPant...-. 
Cy = Ain — 41 Ave — d2 Ass + + + - 01, 0 ---- =Oorl 
and ai) = —ajp for all values! of 1, J, k. 


203. Theorem. A Scheffers algebra of order 7, degree two, consists of two 


partial moduli Ajy + Asy + ---- 4 Ammo 804 Am ii1.msi0 fF +++ + Arn, 
and 7 — 2 skew units as follows? 


Am, +210... A+10 Az m, +10 De te Aen +16 


204. The subject of the invariant equations of Peirce and Scheffers 
algebras is under consideration. Some particular cases are given later. 


1SHaw 5. 2 SCHEFFERS 3. 
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VIII. KRONECKER AND WEIERSTRASS ALGEBRAS. 
1. KRONECKER ALGEBRAS. 


205. Definition. A commutative algebra is one such that every pair of 
numbers ¢,, ¢; in it, satisfy the equation :? 


Gi Gj — Gi Gi 


206. Theorem. An algebra is commutative when its units are commutative. 


207. Theorem. The characteristic equation of a commutative algebra can 
contain only linear factors, if the coordinates belong to the general scalar range. 


208. Theorem. If the characteristic equation of a commutative algebra 
whose coordinates are unrestricted has no multiple roots it is reducible to the 
sum of 7 algebras each of one unit, its partial modulus. Such algebra is a 
WEIERSTRASS algebra.” 


209. Theorem. If the characteristic equation of a commutative algebra 
has p distinct multiple roots, it is reducible to the sum of p commutative 
Peirce algebras. Such algebra is a KRONECKER algebra.® 


210. Theorem. The basis of a commutative Peirce algebra is a commuta- 
tive algebra. 


211. Theorem. A Kronecker algebra may contain nilpotents, a WEIER- 
sTRASS algebra can not contain nilpotents. A Wererstrass algebra has 
nilfactorials. 


212. Theorem. If the coefficients are restricted to a range, such as a field 
or a domain of rationality, the algebra may not contain either nilfactorials or 
nilpotents. Such cases occur in the algebras built from Abelian groups. This 
case leads to the general theorem: If the equation of the algebra is reducible 
in the given coordinate range, into p irreducible factors, the algebra is 
reducible to the sum of p algebras and there are nilfactors. Each irreducible 
factor belongs to one sub-algebra. If an algebra has an irreducible equation 
in ¢, the general number, such that the resolvent of this equation and its first 
derivative as to ¢ does not vanish, then all its numbers may be brought to 
the form 


C= beg thitbi?+bi+.... $8,079 


where 7 is a certain unit of the algebra, and b) .... 6,_, belong to the range. 
If the resolvent vanishes for either a reducible or an irreducible equation, 
there are nilpotent numbers in the algebra. 


1 References for certain commutative algebras follow in the next article. On the general problem see 
Stupy 2; Fropenius 2; KRoNECKER1; SHaw 4. 

2 See references for § 215, also KRONECKER 1. 

3 MOORE 1. 4 KRONECKER 1. 5 MooRE 1; KRONECKER 1. 
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213. Theorem. In canonical form the adjoined unit is of form 
Nee P 
— > Ast + 2 Pass = Gee 


There are as many terms of a given weight & as there are basal units 
with subscripts that appear in terms of weight &. 


214. Theorem. The units of a commutative Peirce algebra may be taken 
of the form. 
ee ane 
where t,=0.... u;; and where &#+!, for i< m, is linearly expressible in 
terms of higher order. 


2. WEIERSTRASS ALGEBRAS. 


215. Definition. A WerersTrRass algebra is a commutative algebra satisfying 
the conditions ¢;¢;=¢,¢, and whose degree equals its order,' and whose 
coordinates are real. 


216. Theorem. Numbers whose coefficient m, = 0 are nilfactorial (“divisor 
of zero”’). The product of a nilfactor and any number is a nilfactor. There 
are no nilpotents in the algebra.” 


217. Theorem. There is at least one number g, such that eq, g, g’..-.g" 
are linearly independent. The latent equation resulting may be factored 
into r linear factors, the imaginary factors occurring in conjugate pairs. 


218. Theorem. A WetersTRASS algebra is reducible to the sum ofr’ algebras 
of the form 


x; = x, %, x; = 0 ON Ne Se od r=r+y' ots 
and whose coordinates are scalars, which appear in conjugate forms if 


imaginary (7 is the number of algebras admitting imaginaries). Hence the 
algebras may be taken to be of the form 


Xi Xia (x, — %41)V¥—1 


with real coefficients; or finally we may take the 7’ algebras as 7’ independent 
ordinary complex algebras. 


219. Theorem. Nilfactors are numbers belonging to part only of the 
partial algebras. If ¢,....., has coordinates in the first n algebras but not in 
the other 7’—7n, ¢,4,....,, has coordinates only in the algebras from the 
n + 1-th to the 7/-th, then 

ei iat Ceticke = 0 


1 WEIERSTRASS 2; ScHwARZ 1; DEDEKIND 1, 2; BerLoTy 1; HéLpER 1; PETERSON 2; HILBERT 1; 
Stouz 1; CuHapMan 3. The sections below are referred to Berloty, 
2 The presence of nilpotents would lower the degree. 
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IX. ALGEBRAS WITH COEFFICIENTS IN ARBITRARY FIELDS. 
REAL ALGEBRAS. DICKSON ALGEBRAS. 


220. Definition. An algebra is said to belong to a certain field or domain 
of rationality, when its coordinates are restricted to that field or domain. In 
particular an algebra is real, when its coordinates are real numbers.’ The 
term ‘finite’ algebra is used also to mean algebras whose coordinates are in 
an abstract (Galois) field. 


221. Theorem. The coefficients of the characteristic and the latent equa- 
tions of an algebra are rational functions of the coordinates in the domain 


Q...y, Which is the domain of the coordinates and the constants” y. 


222. Theorem. If new units are introduced by a transformation 7 rational 
in Q,, the new units are rational in Q,,; the hypercomplex domain Q,,.) is 
then identical with the hypercomplex domain Q,,,.... Further, if 2, contains 
Q,, it also contains Q,,. 


223. Theorem. If S. ¢ is defined for any domain, then S. ¢ is invariant 
under any transformation of the units of the algebra and is rational in Q, ,. 


224, Theorem. In any domain there is an idempotent number or all 
numbers are nilpotent. 


225. Theorem. In a Peirce algebra every number € = % + %,, where % is 
a multiple of the modulus, and @, is a nilpotent rational in Q,,. This 
separation is possible in only one way. We may choose by a rational trans- 
formation new units such that 


m e 
rent ih ail ..¢.7—1 


The characteristic eae ne is F.¢ =f" [F,7]", where F’. ¢ is rationally 
irreducible in Q,, 


226. Theors In any Scheffers algebra, we may choose by transforma- 
tions rational in Q,,, the units 7 which are nilpotent such that 


NEN; = ZV in Nx k>i,k>j 
227. Definition. A real algebra may be in one of two classes, the real 
algebras of the first class are such that their characteristic equations have no 
imaginary roots for any value of ¢, the general number; the second class are 
such that their characteristic equations in f have pairs of conjugate imaginaries.” 
228. Theorem. Every real quadrate is, if in the first class, of the form 
iven b y 
g y (1) Cj xy = Dyx Ca i as 
If of the second class, it is of order 4p”, and is the product of Q and an 
algebra of the first class (1). | 


1Dickson 5; Taser 4. Hamilton restricted Quaternions to real quaternions, calling quaternions with 
complex coordinates, biquaternions. 

2TABER 4. The succeeding sections are referred to Taber 4. This paper contains other theorems. 

3CARTAN 2. This reference applies to §§ 228-2382. 
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The algebra Q is Quaternions in the Hamiltonian form 
€or %, J, &, y=—jiz=k, ete. 


229. Theorem. Every real Dedekind algebra is the sum of algebras, 
each of which is of one of the following three types : 


(1) Real quadrates of first class; 
(2) Real quadrates of second class ; 
(3) The product of a quadrate of first class and the algebra e, e,, where 


9 


€ = & B= 1G G ej = — % 

230. Theorem. Every real Scheffers algebra of the second class is derivable 
from one of the first class by considering that each partial modulus belonging 
to acomplex root of the characteristic equation will furnish two units for the 
derived algebra, say 
€; =x, + x Cy = (x, — x.) VW — 1 


That is, the direct sub-algebra consists of direct nil-potent units and of the 
sum of algebras of the forms 
G OF &, & (4 = — 4) 


All other units are chosen to correspond; thus »,, furnishes two units, 7}, and 
no, corresponding to x,, “—1 xp. 


231, Theorem. A Cartan real algebra is primary, and has a Dedekind 
sub-algebra according to §229, the other units conforming to this sub-algebra 
in character, and giving multiplication constants y which are real; or it is 
secondary, and has a Dedekind sub-algebra consisting of the algebras in §229 
multiplied by real quadrates of the first class, the other units conforming as 
usual. 


232, Theorem. Every real irreducible (in realm of real numbers) com- 
mutative algebra is of the types of §230. It is a Peirce algebra then, the 
modulus being irreducible; or else it has two partial moduli which give an 
elementary Weierstrass algebra, and hence are irreducible in the domain of 
real numbers. 


233. Theorem. The only real algebras in which division is unambiguous 
division (in domain of reals) are (1) real numbers ; (2) the algebra of complex 
numbers q@=@—=—eé ¢,=e=¢,% (8) real quaternions.' 

234, Definition. A. Dickson algebra is one whose coordinates are in an 
abstract field. 


235, Theorem. The only Dickson algebras (associative) which admit of 
division are those whose coordinates are in the Galois (abstract) field, and 
whose qualitative units are real quaternions or sub-algebras of quaternions.” 


'FROBENIUS 1; C. 8, Peirce 4; Cartan 2; GRISSEMANN 1. 
* WEDDERBURN 4. See also Dickson 6 and 7. 
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X. NUMBER THEORY OF ALGEBRAS. 


236. Definition. The number theory of an algebra is the theory of domains 
of numbers belonging to that algebra. Algebras usually do not admit of 
division, unambiguously, hence the term domain is taken here to mean an 
ensemble of numbers such that the addition, subtraction, or multiplication of 
any of the ensemble give a result belonging to the ensemble. The first case 
which has been studied is that of quaternions, which admits division.’ 


237. Definitions. An infinite system of quaternions is a corpus if in this 
system addition, subtraction, multiplication, and division (except by 0) are 
determinate uniquely. 

A permutation of the corpus is given by }{,%)| if through the application 
of this substitution, every equation between quaternions in the corpus 
remains an equation. Hence 


f(a + b)= f(a) +F(6) f (ab) =f (a) - f(2) 
If Q is the corpus of all quaternions we have the substitutions 
(ig) gi 


(2) f(a) =a + at, + at, + zt, a, 8, y is a permutation of the 
indices 1, 2, 3. 


238, Theorem. If FR is the corpus of rational quaternions, then a is 
rational when dy, a), @:, @; are rational. The permutations for the rational 


corpus are q ( ) q', and (a, @, y). 


239. Definitions. If p= 4 (1 +%4+%+%), and g=hp+hyu+hy 
+ kziz, where ky, ky, ke, ks are any integers, qg is said to belong to the integral 
domain J. 

If the cooidinates of g, +h, th +h, thy the, hy +4, are integers, 
q belongs to the sub-domain Jp. 

An integral quaternion is one which belongs to J. 

An integral quaternion a is pre-divisible ( post-divisible) by 6 if a=be 
(a = cb) for some integral quaternion 3 

If ¢ and <— are both integral, < is a untt. It follows that 


Me) = (Ie = 
There are 24 units: 


+1+4+4,+4 


ext1, +i, +4, +h%, ; 


240, Theorem. If a= ve, then — On only if v=re or rée, where 
{=1+ 4%, and r is any real integer. 3 


1Hurwitz 1. Cf, Lipscuitz 2. The first reference applies to all sections following to § 257. 


NUMBER THEORY OF ALGEBRAS 61 


241. Theorem, If a and 6 are integral quaternions, b + 0, we can find 
J, © Qi) C 80 that 


a=qb+ec a=bant+c N(c) < Nb) Ne) << N(b) 
242. Theorem. Every two integral quaternions a and }, which are not 
both zero, have a highest common post-factor of the form 
d=ga+hb (g, h, integers) 
and a highest common pre-factor of the form 
d, = ag, + bh, (9, 4,, integers) 
243, Theorem. The quaternions 0, 1, p, p” form a complete system of 


residues modulo ¢. 


244, Theorem. A quaternion belongs to J, if it is congruent to zero or 1 
(mod Z). 


245. Theorem. If VN. a(=N. Ka) is divisible by 2", then a= @’b where 
b has an odd norm. 


246. Theorem. The following quaternions form a complete system of 
residues, modulo 2: 
ge any 14,2 4 4 ‘ 
1, 4, 2, as ‘ 0,1+%4, 1th, 1+% 


247. Definition. A primary quaternion is one which is congruent to either 
1 or 1 + 29 (mod 2¢). Kvery primary quaternion belongs to J. 

Two integral quaternions are pre- (post-) associated, if they differ only 
by a pre- (post-) factor which is a unit. 


248, Theorem, Of the 24 quaternions associated to an odd quaternion 8, 
only one is primary. 
249. Theorem. The product of two primary quaternions is primary. 
250. Theorem, If} is primary then when 
(1) 6=1(mod 2¢), H.6 is primary, 
(2) 6=1-+4 29 (mod 2¢), —K.+ is primary. 
251. Theorem. If m is a positive odd number, the m‘ quaternions 
Go+ Hts + ote + 9% (Qo, M1» Yes Is = 9, 1, 2.... m—1) 


form a complete system of residues modulo m. 
These quaternions are holoedrically isomorphic with the linear homo- 
geneous integral binary substitutions: 


xv} = ax, + Bap y= yx, + dary (mod m) 


N (ad — By) =N.9q (mod m) 
252. Theorem. The number of solutions of N(q)=0 (mod m), q being 


prime to m, is m°II (1 — rae af. A 
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The number of solutions of NV (¢g)=1 (mod m) is m® TI (1 —=s) ; 


These form a group G‘,, which is holoedrically isomorphic to the group of the 
linear homogeneous binary unimodular integral substitutions, modulo m. 


253. Definition. 2 is a prime quaternion when its norm is prime. 

254. Theorem. There are p+ 1 primary prime quaternions whose norm 
equals the odd prime p. 

255. Theorem. If N.c=p"q*.... then c=2,2,...-2y%----%,---- Where 
;,%.... are primary prime nacre of norms 7p, q, nen 

256, Theorem. If m is any odd number, there are@(m)=>.d (sum of the 
divisors of m) primary quaternions whose norm equals m. 

257. Theorem. The integral substitutions of positive determinant which 
transform aj + xj + x} -+ 23 into a multiple of itself are given by the equations 
y = axB y=—a.Kx.B 
where a, @ are any two integral quaternions which satisfy the conditions 

a? =0 or 1 (mod %). 

258. Definition. The general number theory of quadrates has been studied 
recently by Du Pasquier.’. A number in a quadrate algebra he calls a ¢ettarion. 
It is practically a (square) matrix or a linear homogeneous substitution. An 
infinite system of tettarions is a corpus, if when a and @ belong to the system, 
a+ B,a.8,8.a,a:, B-'.a belong equally to the system. A substitution 
of a tettarion t = f(r) for a tettarion ¢ is indicated by [7, f(t)]. A permuta- 


tion is a substitution such that when a is derived from  tettarions a,....a, by 
any set of rational operations, so that a= R(a,....a,), then f(a) =a is 
derived from a,....a, by the same set of rational operations, so that 


a= R (a. ee baa) 
259. Theorem. The substitution [a, f(a)] is a permutation of the corpus 
{K}, if the tettarions f(a) do not all vanish, and if 


f(a +B) =f(«) + f(8) F (a8) = F(a) £(8) 
for any two tettarions a, 8 in {K}. The tettarions f(a) also constitute a 
corpus. 


260. Definition. An inversion of the corpus is a substitution such that not 
all f(v) are zero, and also for any two tettarions a, 2 we have 


f(a + B)= f(a) + F(8) f (a8) = f(8) F(a) 
[z, z] is an inversion, where 7 is the transpose of ¢. If [a, f(a)] is the most 
general substitution of the corpus, [a, /(a)] is the most general inversion. 
261. Definition. Two permutations of the form 
[a, f(a)] and [a, gq. f(a).qg“] 
where q is any tettarion which has no zero-roots, are said to be equivalent. All 
equivalent permutations constitute a class. 


1Du PasQuieR 1. This reference applies to §§ 258-297. 
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262. Theorem, The substitution ¢a¢ is a permutation of the corpus Q 
of all tettarions of order s; where ¢ is a tettarion such that N(¢) = 0, N (¢) 
being the s-th or last scalar coefficient in the characteristic equation of ¢. The 
coefficient NV (¢) is called the norm of t. 


263. Definitions. A tettarion is rational if all its s? coordinates are rational. 
All rational tettarions form a corpus {R}. All tettarions whose coordinates 
belong to a given domain of rationality constitute likewise a corpus. <A 
rational tettarion is integral if all its coordinates are rational integers. 

The integral tettarion a is pre- (or post-) divisible by the tettarion @ if 
an integral tettarion y can be found such that a=@y (ora=y). A unit 
tettarion ¢ is an integral tettarion which is pre- (post-) divisible into every 
integral tettarion. When V(e) = + 1 wecall ¢ a proper unit-tettarion; when 
N (e) =— 1 we call ¢ an improper unit-tettarion. 


264, Theorem. Let a, —=h-+e,, where h is the modulus of the quadrate, 
that is, is scalar unity, and e, is one of the s* units defining the quadrate; and 


let t= 'S it e,, be any integral tettarion; then among the tettarions 

by o = ait (ea 42.5.) 
there is always one such that a certain pre-assigned coordinate, say ¢?), is not 
negative, and is less than the absolute magnitude of any other coordinate of ¢ 
of the form ¢,,(k=1....8, k 1%), provided ¢,; # 0. 

265. Definition. A tettarion >¢,;e, in which all coordinates for which 
i > k(ort<k) vanish, is said to be pre- (pust-) reduced. They constitute a 
sub-corpus. Tettarions of the form > ¢,,e,; are both pre-reduced and _post- 
reduced. The components ¢,(¢=1....s) in a reduced tettarion 7 vanish only 
when 7 has zero-roots. 

266. Theorem. If ¢ is any integral tettarion, a proper unit-tettarion « 
may be found such that e.¢ (ort. «) is a pre- (post-) reduced tettarion, in 
which, of all the coordinates ¢,,, at most only ¢,, can be negative. This co- 
ordinate is negative only if N(7v) < 0. 

If z is any integral tettarion, we may find a pair of proper unit-tettarions 
e, and «, such that ¢, te, is of the form 2d, e,; (¢=1.... 8), and among the 
coordinates at most only d,, is negative, and d,, is divisible by d,;_,,_,. The 
coordinate d,, is negative only when (zc) is negative.’ 

Ifa =e, Ge, a and @ are said to be equivalent. 

267. Theorem. Every proper unit-tettarion ¢ is expressible in an infinite 
number of ways as the product of integral powers of at most three unit- 
tettarions. These three may be 

a,j =h+e,; 
Bij = & Cen + ej — % (A=1....8,k$1,k 47) 
Y = ly + lm Hee ++ Hei — Cts 


1Cf. KRONECKER: Crelle 107, 185-186; BacHMAN: Zahlentheorie IV Teil, 294. 
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268. Theorem. Every integral tettarion 7 is equivalent to a tettarion of 
the form > ¢,; e¢,. The coordinates less 7 are the shear factors of the character- 
istic equation of tr The norm oft, M(t), is the product of these coordinates. 
Two tettarions are equivalent when they have the same shear factors and the 
same nullity. 


269. Theorem. In order that a; be a factor of r=a,....a;.--- a, it is 
necessary and sufficient that the nullity of a, be not higher than that of 7, and 
that each shear factor of a,;, or combination of shear factors, be divisible into 
the corresponding shear factors of r. If an integral tettarion ¢ is a product 
of others, then every combination of shear factors of 7 is divisible by the 
corresponding combination of shear factors of any one of these others. _ 


270. Definition. Two tettarions ¢ and et are called pre-associated. The 
association is proper or improper according as N(e) = +1 or —1. Associated 
tettarions form a class. The simplest representative of a class will be called 
a primary tettarion. 

A pre-primary tettarion p = pj; e,; satisfies the following conditions: 

Py =O TDF — pyg2O and OF pis < My; | 
for alli<j and if p,;;0; tand 7 have values 1 .... 8 subject to the con- 
ditions stated. 

271. Theorem. A primary tettarion cannot have a negative norm. Pri- 


mary tettarions with zero-roots are infinite in number, but the number of © 
primary tettarions of a given norm m + 0 is finite. 


deaf i i d : 
272. Theorem. If m = II pe where p; is a prime number, and if y(m) 


is the number of distinct pre-primary tettarions of norm m, then 


a(m) = % (pt) 2 (9) «+ (pe) 


ae 6 eave Db idee 2 ac 0 Pe eet 
Ms tee SE ter ket eee 
273. Theorem. If 7 is any integral tettarion and m is any integer (+ 0) 
then an integral tettarion o may be found such that r= mo or else r=mo+a 
wherein a is an integral tettarion and 0 <| M(a)|<|m'*|. 


X(p 


274. Theorem. If a and 6 are two integral tettarions of which § has not 
zero-roots, then two integral tettarions @ and y may always be determined 
such that either 


a= 85 and y=0 or a=6d+y and 0<|My)|<|N(5)| 
By this theorem a highest common pre- (post-) divisor may be found by 
the Euclidean method for any two integral tettarions. 
275. Definition. An infinite system of tettarions which do not all vanish 
is a pre- (post-) ideal if when 7, and ¢; belong to the system, y7;, tT; + 7, also 
belong to the system, where y is any integral tettarion. 
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276. Theorem. If 7, .... 7, are integral tettarions, which do not all 
vanish, then the totality of tettarions y,7,+ .... y,T, where y,.--. y, run 
independently through the range of all integral tettarions, is a post-ideal. 
The tettarions t,.... 7, are said to form the basis. An ideal with one 
tettarion in its basis is a principal ideal. It is designated by (ry) or (yz). 
Two ideals are equal if they contain the same tettarions. 


277. Theorem. Pre- (post-) associated tettarions generate the same prin- 
cipal post- (pre-) ideal. If two integral tettarions without zero-roots generate 
the same principal post- (pre-) ideal they are pre- (post-) associated. 


278, Theorem. Every pre- (post-) ideal generated by rational integral 
tettarions which do not all have zero-roots is a principal ideal. 


279. Definition. Nu/-tdeals contain only tettarions with zero-roots. 


280. Theorem, An ideal which is both pre-ideal and post-ideal cannot be 
a nul-ideal. 


281. Theorem. Every m given integral tettarions a, 8 ....« which do not 
all have zero-roots possess a highest common divisor 6 which is expressible in 
the form 


§= ad, + Bd,+---. +48, or S=dat+hB+..-. +44 


wherein 6,(¢=1....m) are definite integral tettarions. Every pre- (post-) 
divisor of 5 isa common divisor of a .... « and conversely. Moreover 6 is 
determined to a factor which is a post- (pre-) unit-tettarion. 


282. Theorem. If a and @ have no common pre- (post-) factor, then two 

tettarions y, 6 may be found such that 

ay + 66=1 or ya+00=1 
Ifa and @ have a common factor these equations cannot be solved. If a and 
2 have a common divisor which is not a unit-tettarion then N(a) and N(j) 
have a common divisor other than unity. The converse of this theorem and 
the theorem imply each other if one of the tettarions is real, that is, of the 
form a > Cy: 
i=] 

283. Definition. An integral tettarion which is not a unit-tettarion nor has 
zero-roots is prime if it cannot be expressed as the product of two integral 
tettarions neither of which is a unit tettarion. 

284. Theorem. The necessary and sufficient condition that ~ is a prime 
tettarion is that its norm N(z) is a rational prime number. There are 
Food 
p—l 

285. Theorem. If 3 is an integral tettarion of the form Yd,,e, and if 
N (5) = p*q’....t", where p, g.--.¢ are distinct primes, not including unity, 
then § can be factored into the form 


different primary primes of norm p. 


i. a, a ny Sees Vi 
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where 7,....7, are primary prime tettarions of norm p, x,....x, are primary 
prime tettarions of norm q,....7,...-t, are primary prime tettarions of norm 
t, all being of the form 

& Pili + Vlg es 


286. Definition. An integral tettarion is primitive if its coordinates have no 
common divisor other than unity. Jt is primitive to an integer m when its 
coordinates are all prime to m. 

Every primary tettarion is also primitive. 


287, Theorem. Let y be a primitive integral tettarion and 
N (y) = p™ q@..- 


where p, q..--¢ are the prime factors of N(y). Then y can be decomposed in 
only one way into the form 


Y My. My, Hye Kaye ee Tye ee + Tq, E 
where ¢ is a unit tettarion, and 7,....7,, are prime tettarions of norm p, 
X,.+++%,, are prime tettarions of norm q,...-7,..--T,q, are prime tettarions of 


norm ¢, The product of each / successive factors is primary, where 


b= 1.:..4, @= 1... -n) 


288. Definition. If a,, a,....a, are s integral tettarions of equal norms 
N (a;) = N(a,)....= N(a,), and if a,a,...-a, = N(a,), then these tettarions 
are semt-conjugate. 


289. Theorem. A product of any number of prime tettarions of forms 
> d,,¢;; is a primitive tettarion of the same form if among the factors no s of 
them are semi-conjugate. 


290. Theorem. A product of primary prime tettarions m,....2,, where 
N(x; =p, ((=1....n) p, being distinct primes, is always a primitive 
tettarion. 


291. Definition. Two given tettarions a and @ are pre- (post-) congruent to 
a modulus y, if their difference a — @ is pre- (post-) divisible by y. This con- 
gruence is indicated by 


c= (mod y, pre) 
or 
a=B6 (mod y, post) 
There is then an integral tettarion ¢ such that 
a—B=yé or ly 


292. Theorem. Ifa and @ are pre- (post-) congruent modulo y, they are 
also pre- (post-) congruent for any tettarion post- (pre-) associated with y, as 
modulus. 
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298. Theorems. If a=tr (=v then a=P (mod y) 
If ar B=o thena+t B=Eric (mod y) 
If a=@ then ta=cZ (mod y, post) 
If a=6 then atr=6r (mod y, pre) 
Ify~p=Vy a=B then ap = BY (mod y, post) 


If a=B 0=6 yB=Cy then 64=d8C8 (mod y, post) 

294. Definition. Two tettarions a, @ are congruent as to a rational integer 

m + 0, when a — @ is divisible by m, indicated by a= (mod m). In this 

case for each pair of coordinates we have a,,=6,; (mod m). A complete 

system of residues consists of m* tettarions, obtained by setting each coordinate 
independently equal to each one of a complete set of residues modulo m. 


295. Theorems. A tettarion congruence modulo m, a rational integer can 
be divided by an integral tettarion ¢, without altering the modulus only if 
N(¢) is prime to m. 

A sufficient condition for the solubility of the congruence af = 3 (mod m) 
by an integral tettarion & is that N (a) is prime to m. If this condition is ful- 
filled the congruence possesses one and only one solution £ (mod m), namely, 


£2 rl) g (mod m), where 7 is a root of 7. N(a)=1 (mod m). 


296. Definitions. A tettarion with zero roots and nullity s—~r is pseudo- 


real if it is of the form d,, > e,;, r<Cs. A tettarion with zero-roots, of the form 
t=1 


yt;ey where ¢; = 0 forgj=r+1....s, is singular or non-singular according 
as its rank is less than or equal tor. The product of the first r latent roots 
of a tettarion of this kind is called its pseudo-norm N'. A tettarion of the type 
>t ¢, is never singular. When a tettarion is singular its pseudo-norm is zero. 


297. Theorem. Ifa and uw are two integral tettarions in which coordinates 
of the form ¢; = 0 forj=7r+1....s, and if a is pre-reduced, « is pseudo- 
real, and + 0, then two tettarions of the same type ¢ and 7, may always be 
found such that either 
g=n.¢ n=0 
a=u+a 
where the pseudo-norm of a satisfies the conditions 

0<|N' @)|<|N! (we) |=] (mn) 

If ¢ and @ are two integral pre-reduced tettarions of the same type as 
a, u above, and @ is non-singular, then there are always two other pre-reduced 
tettarions of this type ¢ and 7 such that 

t= 98 1=0 
t=g8+n and 0<|N'(n)|<|N'(8)| 


Every non-singular post-ideal based on tettarions of this type is a princi- 
pal ideal. 


or 


or 
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XI. FUNCTION THEORY OF ALGEBRAS, 
298. Definition. In §58, chapter II, we have for any analytic function of , 


nes g ; F'"' 9, : Fi) g, aot 
F.g= 3 [F.gumt F nh +S at....+ 5 Ke 


This definition gives a complete theory, if the roots may be treated as known. 
Other definitions are given below.} 


299. Definition. > a,¢" defines an analytic function of @, if the roots of the 
1 : 


characteristic equation of f converge in the circle defined by = a,z’, where zis 
1 


an ordinary complex number. 


+o 
> a,¢" defines a function of Z, if {1 exists, and if the roots of the char- 


v 


a ao 
acteristic equation of ¢ converge in the circles’ of } a,2” and > a_,z~. 
a 1 


300. Definition. Let 
T= 2G fey = a) amie BEEN a 


dz => e, dx, 


and let 


Then 


Even 


df= > _ . dit, = f' . dx = da .'f 
i,k k 


If - = y;,, then fis an analytic function® when f’.y=y.'f. 


301. Theorem. The algebra must contain for every number u, a number 
v such that uy = yu for every y. 


302. Theorem. In a commutative algebra the necessary and sufficient 
condition of analytic functions is 


Of, 1 A Of; 
se = Ey 830 ¢, 4&1. .06¢ 


303. Theorem. The derivative of an analytic function is an analytic func- 
tion. If two analytic functions have the same derivative, they differ only by 
a constant. 


304. Theorem. An analytic function is a differential coefficient, only when 
the algebra is associative, distributive, and commutative. 


305, Theorem. If wu and v are analytic, uv and < are analytic. 


1FROBENIUS 1; BUCHHEIM 7; SYLVESTER 4; TABER 6, 7. 2 WEYR 7. 
3ScHEFFERS 8. Applies to §§300-306. 


H iy < / 
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306. Theorem, If f(px) = f(x), then f(x) is a constant. 


307. Theorem. For a WEIERSTRASS commutative algebra, let a,, 5; be in 
the i-th elementary algebra, and 


a= 4a, b=, 
a 


Then at+bd=3 (4,40, ab= a,b, p= +, if 6 is not a nilfactor. 
4 


If by se 0, for => ee +> 4 
and if a,== 0, fori=1....%4 
then a = 5 i> 


In‘any other case the division of a by 6 gives an infinity." 


308. Theorem. The sum, difference, product, and quotient of two poly- 
nomials is formed as in ordinary algebra. 


309. Theorem. The number of solutions of an algebraic equation of degree 
p is N= p*, when each elementary algebra is of order two. 

If r, of the elementary algebras are of order one, and *—7, of order 
two, N= p’. 

In any case the number of infinities and roots is p". The number of roots 
is infinite if, and only if, the coefficients are multiples of the same nilfactor.* 


310. Theorem. A polynomial F(Z) can not vanish for every value of ¢ 
unless its coefficients all vanish. 

Two polynomials equal to each other for every value of ¢, must have 
the coefficients of like powers of [ equal. 


311. Theorem. If an algebraic polynomial F(Z) is divided by (—Z, ¢ 
being a root, the degree is reduced to (p— 1) and p* — (p— 1)" roots have 
been removed. 

In ordinary complex algebra r= 2, p'**—(p—1)"=1. 


312. Theorem. If two polynomials have a common root, é’, they have a 
common divisor ¢ — @’. 


313. Theorem. If ¥’(¢) is differentiated as if ¢ were an ordinary quantity, 
giving F’ (¢), then the necessary and sufficient condition that there is a system 
of roots of F(¢), having just p equal roots, is that FY” (f) has at least one 
system of roots of which p—1 are this same equal root, and that no system of 
roots of F’(Z) has this root more than p—1 times. /() and F’(¢) have 
therefore the common divisor (¢ — ’)?"7. 


314. Theorem. It is not always possible to break up Fo, into partial frac- 


tions. 


'BerRLotTy 1. Applies to §$307-315. 2 WEIERSTRASS 2. 
5 
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315. Theorem. If ¢ is considered to be written in the form (=z, x,, 
where i=1....7, and z,; is any real or complex number, the whole theory of 
functions of a complex variable may be extended to numbers which are not 
nilfactors. If there are nilfactors, meromorphic functions must be treated 


specially. We have 
ee, 


316. The treatment of quaternion and biquaternion differentials, integrals, 
and functions may be found in the treatises on these subjects and references 
there given; references are also given at the end of this memoir. The general 
principles of such forms may easily be extended to any algebra. Differentia- 
tion and integration along a line, over a surface, etc., may also be found in 
the appropriate treatises. 

The problem of extending monogeneity to functions of numbers in 
quadrate algebras has been handled recently by Autonne.’ His results are 
as follows : 

Let & be any number in an algebra, and let = be a number whose 
coordinates are functions of those of & The index of monogeneity N is the 


N 
minimum number of terms necessary to write dE in the form & o;. dé .7, 
t=1 


wherein o; and 7; are functions of & If we write y= S e; - , we have in all 
i=1 i 

cases dR = 1.déy.2=T(dt). The Jacobian of the coordinates of & is 

then m,(T). 


1....7 
If now we put T= & w,, Ay, where K,,=e,()e¢, we may find the 
kl 
scalars w,, uniquely if the algebra is a quadrate.” For, indicating quadrate 


units by a double suffix, and writing n?= 7, 
OL 

T= a Wijnr Ligne (Kigia = ey () ena) 
and if we operate on e, and take I. e, () over the result, 

L. ey Ve, = Wy 

d arate 
If we put ¥ = > w,, . e, Je, (), or in the case of a quadrate, 
kl 
pI oe 
a = Wyn» Gj lex () 


then the rank, that is, n—v, where v is the nullity of B, is the index of 
monogeneity, N. WN is invariant for a change of basis. 
The transverse of ® corresponds to interchanging o, and ¢z,. For 
a I eee a Res 
B= > ley Ven. ey ley = X Ley Tey . ey Len 
ijkl kl 


and Le; Te, — Wry 


1 AUTONNE 5, 6. ? HAUSDORFF 1. 
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Let P () = 3 4 If (e,() ¢), the 0f forming a f-pair. Then P =P, and we 
have 
PY ik Wi & &; TE (ee, () ef) 
= > wy > e Te; () . 1 (e.e,¢,e %) 
= > wy > 6; Le, () . 1G (6, & 6 & f) 
PY = 5 wi, > ¢ Te; (). 1g (ee 6&% 9) 


Hence PY=7T P =PY if P= B, and conversely. Again PY = Ply, 
therefore if PY = YP we have 

PEly = v/iPa 
Operating on dé, we have 


d.PE = V/d&Ps = vylzdPé 
Hence if 7 = P&, [Edy is an exact differential. Thus if ® is self-transverse, 


IZdy is an exact differential and conversely, 
When N=1, we have & in one of the four following types: 


I. &#= KEA+M (K, A, M, constant) 

j 4 ee: > Z (Ei) en (Z arbitrary) 
i=1 

th. a= > en Z (ei &) (Z arbitrary) 
f=] 


8 
IV. B= 2 ey J ni (t) p; (t) at 


t= [T.a (e, &)...- I. a (Cnn &)], and y, 7,, p; are arbitrary scalar 
functions of ¢; « is any constant number. 


72 SYNOPSIS OF LINEAR ASSOCIATIVE ALGEBRA 


XII. GROUP THEORY OF ALGEBRAS. 


317. This part of the subject is practically undeveloped, although certain 
results in groups are at once transferable to algebras. A considerable body 
of theorems may thus be got together, especially for the quadrates. For 
example, the groups of binary linear homogeneous substitutions lead at once 
to quaternion groups, ternary linear homogeneous substitutions to nonion 
groups, etc. It is to be hoped that this branch may be soon completed.’ 


318. Definition. A group of quaternions is a set of quaternions q,.--+ Qn; 
such that ' 

qt= Vid = UM 7 hee 

m; is a positive integer, and /& has any value 1, 2....n. The quaternions 


give real, complex, or congruence groups according as the coordinates are real, 
complex, or in an abstract field. 


319. Theorem. To every quaternion g=w+ai-+ yj + 2k Be tee 
the linear homogeneous substitution 


wteV/—1 —y4+aVv—1 
ytuVv—1 w—z2V/—1 


and conversely. The determinant of the substitution is 7*g. To the product 
of two quaternions q, 7, corresponds the product of the substitutions. 


320. Theorem. T'o every group of binary linear homogeneous substitutions 
corresponds a quaternion group, and conversely. To every group of binary 
linear fractional unimodular substitutions corresponds a group of quaternions 
multiply isomorphic with it, and to every quaternion group corresponds a 
group of binary linear fractional unimodular substitutions, the latter not 
always distinct for different quaternion groups. 


321. Theorem. T’o every quaternion of tensor 7g corresponds a Gaussian 
operator 7q.q()g' = G,, and conversely. 

If¢.r=s, then G,. G, = G,. 

Hence groups of these Gaussian operators are isomorphic with quaternion 
groups, and conversely, but the isomorphism is not one-to-one. 


322. Theorem. To every unit quaternion g, there corresponds a rotator 
R,=q()q¢", and conversely, the same rotator corresponding to more than 
one quaternion. 

Likewise a reflector 2, =— q() q", and conversely. 


Further, for any fixed quaternion a admitting of a reciprocal, there cor- 
responds the a-transverse of q, 


T@=aga” 


1Cf. LAURENT 38, 4. 


4 
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Thus if gr=s, 


i, 2 = fe, foe Mat i, dai ode He 
Thus to every group of quaternionsg,....g,, corresponds the rotator group 
R,,.--+R,y,; the reflector group + #,, + k,,.... + R,,; and the transverse 
groups T\).... Tf. Ifa=1, the transverse group is the group of conju- 


gates; and if Sa = 0, we have a group of transverses in the matrix sense. 


323. Theorem. If weconsider that gand — q are to be equivalent, z=— q 
then the rotation groups give the quaternion groups as follows: 


, 


To C, corresponds kn , ee Ue 
D,, corresponds kn, t, ae 
f corresponds 1, 7, j,k, (l2t+j+hk) 
O corresponds 1, 12, jz, kz, }(1itjh) 
aJ/2(ttjJ), ¢V2(GER), 47241) fel 2. 3 


2; » By yon 
I corresponds ks, jks, ws (9 F 2k 008 72) Fs 


J 1+ 408? 72° 
2h!’ 

3 (1 + 2k cos 72°) kes ee 
/ 1+ 4cos? 72° h, hi, h'=1....5 


324. Theorem. To the extended polyhedral groups correspond the follow- 
ing five quaternion groups: 


To C/ corresponds the group La of order 7, (& any unit vector, 
ie Oe @ 

To Dj corresponds the group kr a”, of order 47, (Sik = 0, P=— 1, 
at ee ae Seti OE 

To Z’ corresponds the group of order 24: +1, +1, +7, +h, 
k(41 +i +7 +h). 

To O' corresponds the group of order 48: + 1, 4%, +7, + &, 
($1 4++72+h) g/2 (+ 1+ 1) $/2(+ 1+ 7) 


$/2(+1+h) 4/2 (+ t+ J) 4 /f2(+7 + k) 
$/2(+k +71) 
To J’ corresponds the group of order’ 120: + ke, + jk, 
+ k's (i + oh) ks + hs (i + ok) jks 
W/1 +02 V1 +a" 


ae Se nm + s=S+ 1, + 2(mod5) @ = 2cos 72°= 4(—1+~/5) 


1Cf. STRINGHAM 8. 
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325. Theorem. Combinations of rotations and reflections give tne poly- 
hedral and the crystallographic groups. Thus we have correspondences : 


C, =k ()k-* Verl.o.. © 
D =k Ok r § eis n=1.... 7 
T =1 kk? i)? fO7? GQtia7tOD)14itj4£y7 
OS 1 44 909) ka. (1s 7 Sk) () (1 33-7 ky 

(Q+i)QQ+)7? (+s/QQ#s/7 (tH004%47 


(Petes (742 6) (Fae) (A t)() (B+ 1/7 


b= IOI (t + 2cos 72°k)() (i+ 2cos 72° k)-? 
and their combinations. 

C= be | h=1....27 
CO! =khF () i —k()k~ and combinations | emma SEO 
Oa k's () gr —i()t7 and combinations A 16t- # 
Di =[—k's ()k-“s’] i ()i and combinations A==1....27 
D! =k? ()k-7 -—k()k <()¢7 and combinations | mt EN ae 
D'=khe ()k-+ —a()a> i()i atk and combinationsh=1.... r 
fia —T 

fhm [— (t—J7) () (— 7) and combinations 

C0 —O 

yeas) § —-I 


326. Theorem. If S.e=e, ¢”=1; then the product of each group in §324 
into the cyclic group of ¢, gives a group of quaternions. 


327. Groups of quaternions whose coordinates are in an abstract field, 
remain to be investigated. 


328. Theorem. The continuous groups’ of quaternions are as follows: 
(1) All quaternions, 
(2) All unit quaternions. 
(3) Quaternions of the form w+ai+y3; SMS=O0=\. 
(4) Quaternions of the form w+ y$; (may =j+W~W— 1h). 
(5) Quaternions on the same axis, w+ ai. 
(6) Scalars, w. 
(7) The quaternions ¢+! 3(1 + /—1i)+¢4(1—V—1i) + 98, 
t arbitrary. 
(8) The quaternions eé + te’§. 
(9) The quaternions 1+y93. 
(10) The quaternions ¢°+14 (1 + /—17%) + ¢4(1—V— 112). 


1ScHEFFERS 7. 
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XII. GENERAL THEORY OF ALGEBRA. 


329. While this memoir is particularly concerned with associative linear 
algebra, it is nevertheless necessary, in order to place the subject in its proper 
perspective, to give a brief account of what is here called, for lack of a better 
title, the general theory of algebra. 

The foundations of mathematics consist of two classes of things—the 
elements out of which are built the structures of mathematics, and the processes 
by which they are built. The primary question for the logician is: What are 
the primordial elements of mathematics? He proceeds to reduce these to 
so-called logical constants: implication, relation of a term to its class, notion of 
such that, notion of relation, and such further notions as are involved in formal 
implication, viz., propositional function, class, denoting, and any or every term. 
To the mathematician these elements do not convey much information as to 
the processes of mathematics. The life of mathematics is the derivation of 
one thing from others, the transition from data to things that follow according 
to given processes of transition. 

For example, consider the notions 3, 4,7. We may say that we have 
here a case of correspondence, namely to the two notions 3, 4 corresponds the 
notion 7. But by a different kind of correspondence, to 8, 4 corresponds 12; 
or by other correspondences 81, or 4/3, and so on. Now it is true that in 
each case here mentioned we have a kind of correspondence, but these kinds of 
correspondence are different, and herein lies the fact that all correspondences 
are processes. Equally, if we say that we have cases of relations,—that 
3, 4, 7 stand in one relationship; 8, 4, 12 in another, etc.—these relations are 
different, and the generic term for all of them is process, The psychological 
fact that we may associate ideas together, and call such association, corres- 
pondence, or relationship, functionality, or like terms, should not obscure the 
mathematical fact, which is equally psychological, that we may pass from a 
set of ideas to a different idea, or set of ideas, —a mental phenomenon which we 
may call inference, deduction, implication, etc. We therefore shall consider 
that any definite rule or method of starting from a set of ideas and arriving 
at another idea or set of ideas is a mathematical process, if any person 
acquainted with the ideas entering the process and who clearly understands 
the process, would arrive at the same goal. 

Thus, all persons would say that 3 added to 4 gives 7, 3 multiplied by 4 
gives 12, etc., wherein the words add, multiply, etc., indicate definite processes. 


330. Definition. A mathematical process is defined thus: 
I. Let there be a class of entities ja}. 
II. Let there be chosen from this class n—1 entities, in order a, ag. . + -@,_4. 
III. Let these entities in this order define a method, F, of selecting an 
entity, a,, from the set. 
Then F(a,, ay... + G,—1, d) is said to represent a mathematical process. 


1B, RussEewu 1, p. 106. 
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The entities a,.... a, , are called the first, second..... (n—1)-th 
facients of the process. The entity a, is called the result. Occasionally this 
process has been called multiplication, a, ....a,_,being called factors. 


331. The class of entities Ja} may be finite or transfinite. If transfinite 
they may be capable of order, and may be ordered, or they may be chaotic. 
It is not known whether there is any class incapable of being ordered, or not. 

The number m may be any number, finite or transfinite, of a CaNTorR 
ordinal series of numbers. 


332. Definition. Let us suppose, in the process F'(a,, a,...-a,_1, 4), that 


a, is known, but a, [1=rZn—1] is not known. We may conceive that by 
some process /’,, we can find a,, the order of the known terms being, let us 


say, 


Meg gene fet 182) 
where %, 2%-.--%,, are the subscripts 1, 2....r—1, r+1....” in some 
order, so that 
Tie Oe. de a,) 


F’, is called a correlative process, the o-correlative of F. The process F is uni- 
form when, for all correlative processes, a, is determined uniquely. 


333. Theorem. There are for F, n/ correlative processes, including F. 
We may designate these by the substitutions of the symmetric group on n 
things; so that if we have 
P tdi, G3, G3... -@,) 
then we also have 
FA (digs Giger + + + Gin ay Gin) 


& 2, ae) 
ti 5 tee 


n 


where o is the substitution 


334, Theorem. Hvidently the o,-correlative of the o.-correlative of F is the 
o;-correlative of £, where 
03 = 01 0» 
We write, therefore, F,1,2= F,i=F,,,)-). 
The correlatives thus form a group of order n/. 


335. Examples. 
(1) Let a3 be tax-payer, a, be boy, a, owner of a dog, then 
F(a, a, 43) : a boy who owns a dog pays taxes. 
Fz) (4, 4% 43) : the possession of a dog by the boy requires payment 
of the tax. 
F'y3, (a 4 43) : the tax on a dog is paid by the boy. 
Fe3) (4, Az a3): the boy pays taxes on the dog he owns. 
F403) (4, 4p Ag): the tax paid by the boy is on a dog. 
F 432) (41 4z 43) : the dog requires that a tax be paid by the boy. 
(2) Let a, a,, a; be numbers; F'(a,a, a3) mean a; is the a, power of dy. 
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Then Fy.) (a; a2 3) means a; is the log a, power of the exponential of a,. 
Fas) (a, a2 a3) Means Q, is the quotient of log a, by log a;. 
F'gs) (4 Mz 43) Means ay is the a, root of ag. 
F423) (4, 42 43) Means a, is the log a, power of the exponential of - ‘ 
: 1 
Fase, (@ 4, ag) Means a, is log a; on the base ay. 
336. Theorem. The correlatives of F fall into sub-groups corresponding to 
the sub-groups of the group G.,,. 


337. Definition. It may happen that in a given process, F’, we may have 


simultaneously for all values of a,....a,_; 
F(a, , dg - +++) (1) 
PG, Ge sas a) (2) 
Since we must have from (1) F,-1(a,,, a;,-.--d,) we must identify F' and 


F,-1, or as we may write it, Y= F-1. The correlatives will break up then 
into— groups where m is the order of the substitution o. We call these 


cases limitation-types of F. 


Examples. For F(a,a,) we have but one case: F= Fy»). 

For F(a, a, a3) we have five types: 

(1) F=Fy. This is the familiar commutativity of ordinary algebra. 
It follows that 

Fi43, = Fe) Fas) = Fase 

(2) F= Fys), whence My = Fax), Fes) = Fass) 

(3) F= Fg), whence Fy, = Frags, Fas, = (132) 

(4) P= Fos = Fam, whence Fy, = Fas, = Fes 

(5) P= Fay = Kay = Fes, = Furs) = Foss) 

For F(a, a,a3;a,) we have twenty-nine types corresponding to the sub- 
groups of the group G,,: 


yp P= Fis (2) f= Fay (3) F= Pay 

(4) P= F,. (5) F= Fey (6) F= Ky 

(7) F= Fy ow (8) F= Fas es (9) F= Fay es) 
(10) F= Foes =Fax (11) F= Foy = Fas) (12) P= Posy) = Fius 
io) F = Ff 31) = Fro4s) (14) F = Fos) = Fas) ey = Fusse) 


(15) F= Fase) = Fas, (34) = Fs423) (16) F= F asa) = Fay es) = Kacssy 
(47) F= Fax = F's = Faz) ew (18) F= Fos = Key = Fas) ea) 

(19) F= Fay = Fes) = Fas es) (20) F= Fy ey = Fas) en = Faw ces 
(21) F= Foe, = Fas, = Fes) = Favs) = Fy32) 

(22) F= Fae) = Fay = Fen = Faw = Faw 

(23) F= Fas) = Fay = Foss = Posy = Fs 

(24) F= Poy = Fey = Fey = Fesy = Fas) 

(26) F= Fy, = Foy = Fas) ea) = Paesy = Faz 9 = Fosse) = Fay (es) 
(26) F= Fu) = Fisy = Fas ey = Fase = Fas) ey = Kase, = Fay es) 
(27) F= Fuy = Fes, = Fax ey = Favs = Faw es) = Fase = Fas) ew 
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(28) F= Fag) (34) = Fas) (24) = Fe) (14) = F423) =f (132) = F (124) = £7 1142) 
= L134) = Fussy = Fes) = Fess) 
(29). all 
338. Theorem. It is evident that every group defines a limitation type for 
an operation F of some degree. 


339. Definitions. Suppose that in a process all the elements but two are 
fixed, and that these two vary subject to the process. Then the ranges of 
values of these two are said to form an involution of order one. If all but 
three elements are fixed, the ranges of these three form an involution of order 
fwo. Similar definitions may be given for involutions of higher order. 

An involution of order 7 is often called an implicit function of 7 + 1 
variables. The symbol consisting of the process symbol and the constant 
elements is called an operator. 

If in any involution of order one the two elements become identical so 
that they have the same range, for any given set of constant elements, then 
this set of constant elements constitutes a multiplex modulus for the process. 

For example, in multiplication /.(ab = 6) whenais1. A similar defini- 
tion holds for higher involutions. 

If in any involution of order 7, the constant terms determine an involu- 
tion whose terms may be any elements of the set, then the constant terms 
constitute a zero for the process. For example, if /.(0a = 0), for alla, 0 isa 
zero for multiplication. An infinity is, under this definition, also a zero. 

We have seen that there co-exist with any process /' certain other correla- 
tive processes on the same elements. These give us a set of co-existences 
called fundamental identities; but we may have co-existent processes which 
are not correlatives. In the most general case let us suppose that we have 


/ tT] C3) 
F ° Ay Ay: ave ie Ain, F A As) Ano io set * Don, ele 8. 5 F . Ay441 A,_1,2 ecee ay_1, Ney 


and that when these processes exist, then we have F™ . a, dj. «+ - pn, « 
We say that Fis the implication of the »—1 processes preceding. We 
enter here upon the study of logic proper. For example, if the processes are 


F' .ab F"' .bc F"" ac 


we have the ordinary syllogism. 
We may symbolize this definition by the statement 
Dit Ce ee Pe de 
and we see then that the form is again that of a process ®. 
We can not enter on the discussion of these cases beyond the single type 
we need, called the associative law. 
Let F be such that for every a, b, c, we have 


F. abd FF. dee F. beg then fF’. age 


then F’is called associative. The law is usually written ab.c=a.be 
Processes subject to this law are the basis of associative algebras.) 


1Cf. ScHROEDER 1; RussEvi 1, 2; HarHaway 1. 


PART II. PARTICULAR ALGEBRAS. 
XIV. COMPLEX NUMBERS. 


340. Definitions. The algebra of ordinary complex numbers possesses two 
qualitative units, ¢,= 1, and e,, such that 


& = e G6 epee, er Ga 6 


The field of coordinates is the field of positive and negative numbers. The 
field naturally admits of addition of the units or marks. 


341. Theorem. The characteristic equation of the algebra, as well as the 
general equation, is 
Ge — 20h + a? + y= 0 
or 
TO) ¢ y =—0 
= oh iG 
Hence for any two numbers 
fo + of — 2x0 — 22'S + 2x2! + 2yy' = 0 
or 
fo — xo — v6 + xv’ + yy' =0 
The characteristic equation is irreducible in the field of coordinates, but 
in the algebra may be written 


(f — xey — yey) (§ — 7% + ye) = 0 
The numbers ¢ = xe) + ye, and K6 =f = xe, — ye, are called conjugates. 


Hence £?— 2x £ + a+ y’?=0 has the two solutions ¢, K¢, or (€ —Z) 
(¢ — KZ) are its factors. 


342. Theorem. If several algebras of this kind are added (in the sense 
defined by ScHEFFERsS) we arrive at a WEIERSTRASS commutative algebra. 


343. Theorem. If the coordinates are arithmetical numbers we must 
write this algebra as a cyclic algebra of four qualitative units 


where 
is & = 6, a= & 


In this case the units e, and e, are not independent in the field, and com- 
bine, by addition, to give zero,’ and the algebra is of two dimensions. 


1S$rupy 8, and references there given; BEMAN 2; BELLAVITIS 1-16; Bibliography of Quaternions. 
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XV. QUATERNIONS. 

344, Definition. Quaternions is an algebra whose coordinate field is the 
field of positive and negative numbers, and whose multiplication table is 
Cis 
Cpr a 


&ilom 24 & & 
ej Cy amet €3 aE 


345. Theorem. The characteristic equation is 
FP — BaF + 29 + aj + a2 + 23 = 0 
The characteristic function of & is 
EP — Qayk 4+ x) + xi + 2 + 25 
If we define the conjugate of ¢ by 
C= KS = a Gy — Hy Oy — Xp Oy — 23 3 
then the characteristic function factors into (& — ¢) (§ — K¢). 
346. Theorem. The first derived characteristic function of & and o is 
(eo oe) Ce 
This vanishes for r= eet 
ie ba Ke ee 
347. Definition. The scalar of fis SS =a=4(0+). The tensor of Z is 
given by (To)? = 60 =. 
348. Theorem. We have 


Po SE + (TL =0 
be + cE — 2 82'— 2¢804 2VVEVE' + 2VVce VF 4+ 2867 =0 


ie (rand eof if et — Cs also er ae 


349. Definitions. The versor of is UG = te The vector of ¢ is 


V.g=f—S=4(6—¢) 
350. Theorems. £= S60 1+VEC €=S—VWE 
(TCP = (TEP = (80)? — (VSP = (SCP + (V6)? 
U~=UE Ul.U~=1 US=(U%Z)> 
S.fo = S0E SW Oo Agee SOO 
If S¢ = 0 = So o=Vo (€=VE 
and Vo. Vo=—VoVi 4 28. Vo Vo 
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Also KVG=—Vl=VKC 
¢. Vo =—Vo+2 86. Vo.f34+2 Cf Sf Vo 
= Vo42 Sf. Veta, £18.2Vs 
If a, @, y are vectors, 
V.aVBy = ySaB — BSay V. aby = aSBy — BSya + ySaB 
If § is a vector, 


dSaBy = aSByd + BSyad + ySaBd = VabSyd + VBy Sad + VyaSBS 
Also 


V VaB Vyd = dSaBy — ySa85 = aSByd — BSayd 
If a, 6, c, d, e are quaternions, let us use the notation 
B.ab =} (ab—ba) B', ab = bSa —aSb 
B.abe=8 . aBbe —V(aBbe + bBea + cBab) 


Then 
Bodo = Bb odo — Ve, Va = 8 ba Bibb = 5 
S.aBbe= 8. VaVbVe = — SbBac = ete. 
B.abe=—B. bac= ete. 
S. aBbed =— 8 . bBacd = etc. 
eS .aBbed = a8 . eBbed — bS .eBcda + cS'.eBdab — dS. eBabe 
= — Sde . Babe + Sae . Bhed — She . Beda + Sce . Bdab 
c d € 
B.abBede=|Sac Sad WSae 
Sbe Sbd Sbe 
B'(BabcBdef) =  BefSaBbed + BfdSaBbce + Bde SaBbef 
B (BabcBdef) =— B'efSaBbed — B'fdSaBbce — B'de SaBbef 
a b Cc 
B (Babe Bdef Bghi) =| SaBdef SbBdef ScBdef 
SaBghi SbBghi ScBghi 
| Saa’, Sbb’, Sce’| = — SBabe Ba'b'd 
| Saa’, Sbb'|= SBlab Bla'b’— SBab Ba'b! 
| Saa’, Sbb', Sec’, Sdd'| = — SaBbed Sa! Bb'c'd' 


The solution of the equation a,p + pa,=c is 
p= (aj + 2a, Sa, + a, a)7 (a, c + Cap) 

351. Definition. If the coordinate field contain the imaginary “”— 1, we 
may have for certain quaternions the equation g?=0, whence g= 0, @=0, 
and y is any scalar. In this case there is an infinity of solutions of the equa- 
tion in the algebra. 
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Also if g?— 2%q +2 = 0, then g=a, + yO. 
The nilpotent 6 is always of the form a + “—1 @, where 


hilo oe ap 0 


Since /—1 will not combine with positive or negative numbers by 
addition, we may say that this algebra is in reality the product’ of real 
quaternions and the algebra of complex numbers, giving the multiplication 
table 


Oa oe Cl Oh er eae neg 
Co Oe es 
Oe ae ee ye ee 
Ol} & 4 6 Ge hy ee Te 
& Oe er, Cee es 
€; | ey +e —& —& —O —& +4 +% 


with equations of condition 
&+4=0 é: +¢e,=—0 6, + ¢,==0 €3 + ey = 0 
This algebra Haminton called Biquaternions. 
352. Definition. The algebra A419, A120, Aoi) Aso also is a form to which 


real quaternions may be reduced by an imaginary transformation” By a 
rational transformation this becomes 


Ano + A229 A110 — Az20 Ac1o + A120 Azi0 — Are 


References to the literature of quaternions would be too numerous to give 
in full. They may be found in the Bibliography of Quaternions, In particu- 
lar may be mentioned the works of Hamixton, Tait, and Joty. 


1That is, any unit may be represented by a double symbol of two independent entities, the two sets 
of symbols combining independently. 
2B. PEIRCE 38. 
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XVI. ALTERNATE ALGEBRAS. 
1, ALGEBRAS OF DEGREE TWO, WITH NO MODULUS. 


353. Definition. An alternate algebra is one in which the defining units 
are subject to the law 
€; €; = — 6 6, ity 


The product e¢;¢, = ej is variously defined. In the simplest cases é is taken 
equal to zero. 


354. Theorem. When ¢,e,+¢¢=0, i,7=1....7, we have 


Go 0 ia a 
1-0, 60 -¢1 = 0 all values of Z, o 
3 Co7= 0 all values of Z, o, ¢ 
or 
([7,.6) =0 (SX xe) (2 ye) =— (Eye) (Sx; e,) 
and! 
COD ee PO Ome Fo 


355. Theorem. We may therefore select a certain set of r— m— h units, 
€,++++ may Whose products ¢¢(i, j= 1....7—m—h) are such that at 
least one for each subscript dues not vanish; we may then choose for the next 
m units the m independent non-vanishing products of the first »— m—A 
units; finally, the last A units may be any numbers independent of each other 
and the first r— units. We must have? 


a cote) Velie are 
a 2 


or 
(r—m—h?—(r-+m—h)20 


2. GRASSMANN’S SYSTEM. 

356. Definition. The next type of alternate numbers is that of GRASSMANN’S 
Ausdehnungslehre. In this case there are m units which may be called funda- 
mental generators of the algebra, ¢,....¢,. For them, but not necessarily for 
their products, the law e,e; + e¢= 0 (i, 7=1..-.m) holds. They are 
associative, and consequently the product of m + 1 numbers vanishes. There 
are r= 2”— 1 products or units, ¢;, e,¢, ee, etc. 

This algebra uses certain bilinear expressions called products, which do 
not follow the associative law, and also certain regressive products, which do 
not follow this law, and which are multilinear expressions in the coordinates 
of the factors.’ 


1ScHEFFERS 3. Cf. Cavony 1, 2,3; Scorr 1, 2, 3. *ScHEFFERS 3. 

3References are too numerous to be given here. In particular see Bibliography of Quaternions; 
GRASSMANN’S works; SCHLEGEL’s papers; Hyper 1, 2, 3, 4, 5,6, 7, 8,9; Beaman 1; WuITEHEAD 1. Cf. 
WILson-Gisgs 1; JAanNKE 1. Works on Vector Analysis are related to this subject and the next. 
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3. CLIFFORD ALGEBRAS. 


357. Definition. A type of alternates of much use, and which enables all 
the so-called products of the preceding class to be expressed easily, is that 
which may be called Crirrorp’s Algebras. Any such algebra is defined by m 


generators ¢...-é,, With the defining equations 
é&=—1 e,e; tee =0 i jmis..m; tbs 
€; » C Cy = 6; » Cy J, 61 me 


The order! is 7 = 2”. 

358. Theorem. If m= 2m’, m' an integer, the CuirrorD algebra of order 
2” = 4™ is the product of m’ quaternion algebras. If m=—=2m'+ 1, m’ an 
integer, the CLirrorD algebra of order 2” = 2°" +! is the product of m’ quater- 
nion algebras and the algebra’? 


= | 94 = 4% = 4% 


359. Definition. Since any product such as 


C5, Gi, « ee “Ci, ne Ci, eee 
may be reduced by successive transpositions to a product of order two lower 
for every such pair as ¢,....¢,, 1t follows that in the product of nm numbers 
m 
¢,----€,, where ¢, = 2 xye,, we may write 
g=1 
bi bee Sn = Aree a Vea Gi: SO ace 
<ai(n+)) 
— ‘ae Vines 61. as "Gh 


The expression V,,_., is the sum of all expressions in the product ()....¢, 
which reduce to terms of order n — 2s. Evidently when n is even, the lowest 
sum isa scalar, Vj; when 7 is odd, the lowest sum? is Vj. 


360. Theorem. To reduce to a canonical (simplified) form any homo- 
geneous function of NV of the m units, consisting of terms which are each the 
product of a scalar into n of the units (of order n, therefore), we proceed thus: 

Let g be the given function. Then by transposing the units, we may 
reduce qg to the form 

1 as Sa 
where 7, is any given unit, and g’ (of order n—1) is independent of q" (of 
order n) and of 4,. We find easily 
7 = Vn-1 gis qt = Vn4 iG 
Therefore 
V1. 97 = Vig Vn 19h = ™% = P (4) 

The linear vector function @ is self-transverse, has therefore real, mutually 

orthogonal axes. These are the units to be employed to reduce to the canon- 


1¥or this class see Bibliography of Quaternions; in particular CLIFFORD’s works; Berz 1; LipscHiTz 1; 
JOLY 6, 12, 25; Cay Ley 6, 7. 
2 TaBER 1. Joy 6. 
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ical form. For example, if gq is of order 2, and the function is the general 
quadratic for NV units, there are 3 N(N— 1) binary products. Then 


G=%yU+¢_q 
—%= Viqi Vqr,=— io + Vidr=— Viqviqi=— vi, 
If 7, is an axis of this equation so is 7. Hence the quadratic takes the form 
J = Ag h ty + Aytgt, +..--+ Aen —1, 2p top —1 Yep 


where p= # Nor 3 (VN— 1) as Nis even or odd.! 
361. Definition. Let AK change the sign of every unit and reverse every 
product. Then if g is homogeneous, of order p, 
Kg, = (—)??* ay 
Hence K.qg, = + q, a8 p=0 or 3 (mod 4) or =1 or 2 (mod 4). 
Let J reverse the order of products, but not change signs, thus 
Ll. dy = QW if p=, or 1 (mod 4) 
L.Q=—q if p=2, or 8 (mod 4) 
Let J change the signs of units but not reverse terms. 
362, Theorem. AK. pg = Kq. Kp tpg 10 .1p = J 
M amen) G Ema HG K=lJ=JI | amend eam Go 
363. Theorem. Let p be of order 2, g of order 3; then 
P2 = Vi + P2ds+Vs- Pr 93+ Vs. pe GQ 
Hence, taking conjugates, 
— 9s P2 = — Vy» Po 93 + Vs » Po 9s— Vs + Pads 


and 
V; » Pe Is + ee oC 2 (ps g3+ 73 P2) V3 + Po Fs = § (Pe Ys — 3 P2) 
This process may be applied to any case. 
364, Theorem. Let 
gq=qd+q" K.q=q—q' 
q : Kq me es le ree, (7 q!' ei g!" q') 
Kkq.q=—q? +(¢ 97 — 99) 
Hence 
q-Kg= Kq.q if gg" —q'g=0 
Let the parts of g be (according as their order =0, 1, 2, 3 mod 4) 
g= MW + Ww + Wa + Ve 
Then 


J 7 = Ia + WM + Yo Ve + Ys Ga) 
and the condition above reduces to 
Go) Ta — Va) Tm = Ca Wa — VW T@ To V2. — T@ T@ = Ww Vs) — Va Va 


or 
Vis) (Yo Ya) — Ze) Ua) = 0 Vo (Go Me) — Fa Wa) = 0 


1Joty 6. This reference applies to the following sections, 
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When this is satisfied 
qKq = Vo (0) — 9 — TH + Gs) + 2V 5) (Go Ma — Ga Ve) 
This is a scalar if Vo =V, and Vs = 0. 
365. Theorem. g./qg=1q.q if 
Vo. (Go Ge — Ya Ia) = 9 = Vay (Go) Yo — Va Yar) 


366. Theorem. Let P=gqpq~', where g is any number, possibly non- 
homogeneous, Then P=V,).P if qKq and qlq are scalars. 
But Vi, may not =V,. For example, let 


G= COSU. t+ SIN U. ty & 5 Ue 
g 1 =— cos u. t, tg + SIN UW . Ig iy U5 Ue 
gq = — cos? u + sin’ u + 2 sin u Cos & t, ty ty ty U5 Ue 


p = u, te, 13, tM, 15, ts, then 
i ge ris — Gis ee qr, ia Qs os gs 
which are of the form V,,,=V, + J;. 


367. Theorem. An operator q()q~’ can be found which will convert the 
orthogonal set 7,, %...-%, into any other orthogonal set 7,, 7, .... J,; namely, 


G@—1— 27,4 F220 Sea eu th 
ie eG pe i i ere 


If gpq~* = ppp’ for all values of p, a vector, then g is a scalar multiple 
of p. q may be written 


where 


St 


uy 


Q12 Yat ++ + + Ao—1, 21 
where 2/=7n or n— 1 as 7 is even or odd, and 


Jig = COS } Uy + 2% ty SIN } Uy, ete. 


BIQUATERNIONS OR OCTONIONS 87 


XVII. BIQUATERNIONS OR OCTONIONS. 


368. Definition. Besides Hamiton’s biquaternions, two algebras have 
received this name. One is the product of real quaternions and the algebra 
QO: ==, %©4=—%%—=—%; the other is the product of real quater- 
nions and the algebra! G: @=4, 4%2=49=4, &€=0. 

369. Definitions. Let Q?’ =0; let g, 7 be real quaternions; Q is commu- 
tative with all numbers; g=o+2; r=o+y. Then the octonion Q is 
given by 

G=¢t Or 
We call g the axial of Q, Qr the converter of Q. The azxis-direction of Q is 
UVg. The perpendicular of Qiso=V.ow'. The rotor of Q is Vg; the 
lator is Vr; the motor, Vg + QVr. The ordinary scalar is Sq; the scalar-con- 
verter is OSr; the convert is Sr. 

We write : 
MQ=Vg M,Q=Q2Vr MQ=MNO+4,9 
=. O=Vr S; 9 = Sq Dd, O = Or SO = 'S,:0 4,0 
*. O= & M.Q=M, 9+ QmQ SS. Oa SO +040 


Let 7,7, Q be the conjugates of g, r, Q, also designated by Kg, Kr, KQ. 

We define 
KQ=Kq+ Qk, or Q=9+ 07 

The tensors of g and r are 79, Tr; the versors, Ug, Ur: 

The augmenter of Q is TQ=7q (1+ OSrq N=T @. TL VG=T, B14 DQ). 

The tensor of Q is 7, Q. 

The additor of Q is T, Q=1+4+ QSrq™t. 

The pitch of QistQ=S.rq". T, Q9@=14 OQ. 

The twister of Q is UQ= Uq (1 + QVrq") = U,Q. U2 Q. 

The versor of Q is U,; Q = Ud. 

The translator of Q is U,Q@=1+ QVrq". 


Hence 


Q=7T,0.7,9.U9.U2% 


370. Theorem. Octonions may be combined under all the laws of quater- 
nions, regard being given to the character of Q. 


371. Theorem. If Q, & be given octonions 


Q+RkR=X On ¥: 
and if ¢ is any lator; then if 
VJ=Q+0OMMY R=R+0OMMR 
X= X + OMEMX Y= VY+OMMY 
then 
+ R= X' Q R'= Y'! 


1CLirForD 1,4; M’AvuLay 2, which applies to sections following; ComBesiac 1, 2; Stupy 4, 5 
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Hence if .()=1() + OMe () 


the application of @, to all octonions gives an isomorphism of the group of all 
octonions with itself. 


372. Theorem. If Q=9,. Q', or g+ Qr=9@,(q7 4+ Qr’), then 
G7 7 =r— Mo Mq) 
373. Definition. The axial 
go=Qt Q (Mg)? MMg Mr =e + 0 + Qa Mao 
is called the special axial of Q, and 
rg = Sr+ (1 + QM Mr (Mq)") Mg S Mr (Mq)" 
0 0 
=y+(1touM) of & 
is called the special convertor-axtal of Q. 
374. Theorem. We have 
G=qt Or=—gqet Qe 


where Go={la M (r{ Mol) Ol ¢ = eu &- 19 | - 
ro {1+ M. (Mr [Mq}7)()t @— M. (Mr [Mg)-) Ma) 
= dy. oo -1 (7 + M. oMoo™") = oy .,.-1 (Sr — a Sac) 
That is 
QO = dy...-1 Q', where Q@' = q+ 2 (Sr— wo! Soo) 
or 


W=¢q + Q[Sr— (Me) SMq Mr) 
375. Theorem. Any octonion may be considered to be the quotient of two 


motors. That is, if @ be an octonion it may be written Q= BA or QA=B, 
where A and B are a pair of motors. 


376. Theorem. Q>'= q7t— Qq'rq", when q ¢< 0. 
377. Definition, The angle of q is the angle of Q. 


378. Theorem. @Q () Q7 produces from the operand a new operand which 
has been produced from the first by rotating it as a rigid body about the axis 
of @ through twice the angle of Q, and translated through twice the transla- 


tion of Q. | 
379. Theorem. If A and B are motors 
B =8,+ 98,=(1 + Op’) B= {14 Q(o + p')t@ 


a ae 
a==7 oa, aor 
AB=a,8 + O(p+p!—a) u8 
M.AB=Moa,8+03}(p+p')Ma,8B— wo 8a, CB} 
M,AB=Ma,8 m.AB=(p+p')Ma,B—awS8a,8 
tM.AB=p+p'—aM 4,0 8a,8B=pt+p'+dcoté 
Hence axis IM. AB is a, pitch =p +p’ + dcot 6 


and 


then 
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If A and B are parallel, we determine M. AB by 
M.AB=—Qwa, 8 
Again S.AB=S.a,8+ Q}(pt+ yp’) Sa, 8— 7 Ma, B} 
SB, AB = Sa, 8 
s. AB=(p+t+p')Sa,8—oaMa, 
tS. AB=pt+p'—aMa,8 S14,8=p+p'—dtané 
M,.AB+ 8,.AB= 4,6 
mAB+sAB=(p+ p'—a)a,8 
tAB=p+p u.AB=—wo 
7, AB=T(48) U,AB=U(u8) 
For the sum we have 
A+ B=}1+Q(p! +0’)} (4 +8) 
where p' +a =(pat+p'0+a86)(4,+ @)" 


OF 
p" = S8(pa + p'B) (m+ 8)7— a Ma 8. (4, + 8) 
a! =o SB (a +84 + (p— p!) Ma, B.(a, + BY” 


89 


380. Theorem. If A, B, C be three motors, and if d and 6 are defined as 
in §379 for A, B, and likewise ¢, @ are corresponding quantities for Mf. AB 


and C, then 
tSABC=tA+iB+tC+dcotd—etan@g 


Hence if we have three motors 1, 2, 3, and if the distances and angles 
are: for 23:d,, 4; for 31: d,, 6,; for 12:d, 03, and for Land d,:¢, $,; 2 and 


dy: €2, $2; 3 and d3:e3, 3, then 


_d, cot 6,— e, tan d, = d, cot 0, — e, tan @, = d; cot 6; — eg tan os 


381. Theorem. 
S?Q—MiQ=TiQ tSQ.S:Q—tMQ.MiQ=te.TiQ 
_ tQ Ti Q—t&Q. SiQ 
and ‘MQ = T?O— S2Q 
382. Theorem. 


dcot 6 — e tan $ 
tM.ABC=tA+tB+tC— cot0tan®g +cot?0 + tan’ 


tM.(MAB)C=tA + tB+tC+dcot 6 +ecotp 
383, Theorem. If H is coaxial with A, B, C, then 


ES .ABC= AS. BCE+ BS.CAE+ CS. ABE 
= MBC. SAE+ MCA.SBE+ MAB.SCE 


AES BRAR SS 
> ™ 
OF THE 
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384. Theorems. 


S.(Q+R)=SQ+S8R S(Q+R)=8,04 SR 
S(Q+ R)=S8,Q4 SR s(Q+R)=sQ+eR 
s29= 8,9 S.0Q9= 28,9 8,QQ=0 28,9 =0 


SQ=sQQ+ AsQ 
A= —iSidA— JSjA—kSkA 


If in jih, then 


or 
A = — isQidA— gsOQjA — ksQOkA -— QisiA — Ojsj7A — OkskA 
If 
A=aitys + zk+1lQi + mQ7 + nQk 
and 
0 @ % Rae, Zc 0 
then 


(s.dAS)=— d() 
> is independent of i, 7, &. 


Te Ade a lator,6 47 = 0. 
If A is not a lator 


8. A= 2AM A> OATH A #10) — 210.1770 


385. Definitions. The motors A,, A,....A, are independent when no 
relation exists of the form 


eA. a, A 0, [x,...-a, scalars] 
If independent, the motors 2,4,+ ....+2,A,—=*«A form a complex of 
order n, called the complex of A,....A,. The complex of highest order is 


the sixth, to which all motors belong. 

Two motors A,, A, are reciprocal if sA,A,=0. Then motors A,.... <A, 
are co-reciprocal if every pair is a reciprocal pair; in such case A, is reciprocal 
to every motor of the complex A,....A,, and every motor of the complex 
A,....A, to every one of the complex A,,,...-A,. The only self-reciprocal 
motors are lators and rotors. Ofsix independent co-reciprocal motors none 
is a lator or a rotor. 


386. Theorem. If A, B, Care motors, S. ABC =0 if and only if 


(1) Two independent motors of the complex A, B, C are lators, or 

(2) XA+ YB+ ZC =0, where X, Y, Z are scalar octonions 
whose ordinary scalar parts are not 
all zero. 


387. For linear octonion functions and octonion differentiation reference 
may be made to M’Autay’s text.} 


1M’ AULAY 2. 
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XVIII. TRIQUATERNIONS AND QUADRIQUATERNIONS. 


388. Definition. Triquaternions is an algebra which is the product of 
quaternions and the algebra’ 
0 teens ou = — wo = @ 
389, Definition. If r—=w+p+o(w,+ 9) + u (um + ~) = G7 +oq + UR, 
where q, qi, g, are ordinary quaternions, then we write and define 
r=wt (om + wpe) + (ee tptop)=G.r+L.r+P.r=wt+l+p 
where 
G r= = 2.0 
L.r= ww, + p + op, = uSg, + Vo + oSq,, called a linear element ; 
— Por Sow, + up, = oSq, + uw Vg, called a plane. 
Further, we write 


L.r=(uw, + 08) + (p + ap; — 08) 
where we determine @ by the equation 


(wz — 9”) B = wip + w2 Vee: — pSpp, 


then we define 
m= (uw,+ 08), called a point 
d = (p + ap, — @8), called a line 
L.r=m+d 
We define further 


L.r=m—d, the conjugate of L.r 


390. Theorem. 
Pe 6 LW =—L.0 Y BIND tamales ete Af! 
Gp = 0 Lou ip Poly = =P ip 
G. pp = G .p'p L. pp =—L.p'p Ppp 7-0 


391. Theorem. 
G.md=G.dm=0 P.md=P.dm Limd=— 1 -dm=0 


1 


392. Theorem. Lr. Lr = m* — d? [1 = 5a L 


393. Definitions. 7’. r= uw +li— p’ 


If 
Vaz, = 0 Ff ahd, = oF LF 
or 
P.r= Sq, if Vo,=0 
394. Theorem. Let . 
A=wt+ll—-pHqten 
B= 2(wTIm — TLpd) = 4% + 49 
then 


rt = (A? — B*) [(A—“B) (9 + G2) -—9 9 —%) H (7 + 92)] 


1ComBEBIAC 2. This reference applies to the following sections. 


92 SYNOPSIS OF LINEAR ASSOCIATIVE ALGEBRA 


395. Definition. Let 
m = ux) + wp m! = ux, + ap’ c=at+oa3 
Then we define 
V.m, m' = x9! — xe + aLpp' 
S.c,m = u(x + Gap) + oGBo 
S.m, m, m'= S(V.m, m')m!=S.mV. m', m" 
396. Theorem. V. ap, op’ = aLpp' S'. ap, op! = o Gop! 
D6: == Sm. Cc V.m, m' = — Vm',m 
G e€S26m—0  f.6S8 cm — shen Pico S.¢,m = )..¢, Lom 
Ge8.0 mm 0 fo 8 cm om Vom, em PP 8 ic,m.m—0 
G.mY.mm=0 L.m Vn, an'—0 P.mV.m, m'=—S.m, Lmm! 
397. Theorem. 
Gl! = xq x + Spo! 
Lil! = Vpp' + [V (pet + pip") + x fis opi] 
Pll’ = u (zop' + xp) + OS(ppi + p19") 
Lm m! = x 91 — 20 1 
398. Theorem. pp’ =— Tp Tp! cos (p, p’) Lpp'= Tp Tp' 6 sin (p, p’) 
399, Theorem. / = ur + p + wp, p=ua + ow Gip =0 
Lip = uSpa + xa + @ (we + Vp, a) 
Let u, o, o! be units satisfying the multiplication table 


| [4 @ @ 
UL 1 —a wo! 
6) @ 0 2(u— 1) 
a | —o —2(u+ 1) 0 


and let the quadriquaternion' A be defined by the equation 
A= Qt ug + og + 0'9s 


where 4, 41, 92) G3 are real quaternions. The units uw, o, wo’ are commutative 
with g, 91, 9, gs» If gg=0, A becomes a triquaternion. 
We may write A as the sum of three parts each of which may be found 
uniquely : 
Aa Gey EP AeA 
where 
G.A=8.¢ 
L.A=V.gtuS.q + oV.q,+a'V. Gs 
P.A =uV.q,+ o8.q,+ 0/8. 93 


Then the formule of §390 above hold for quadriquaternions as well as for 
triquaternions, if7—=L.A, p= P.A, ete. 


1CoMBEBIAC 38. 
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XIX. SYLVESTER ALGEBRAS. 
1. NONIONS. 


400. Definition. Nonions is the quadrate algebra of order 9, corresponding 
to quaternions, which is of order 4. In one form its units are! 


Aro Ar20 —-Atz0 ~— Azio Are Azz Asi0 A320 Asso 


401. Theorem. The nonion units may be taken in the forms (irrational 
transformation in terms of @, a primitive cube root of unity) 


Cp = 1LHAjyo + Avo + Aggy % = Ayo + Ag + W'Agg 1? = Ayo + "Ave +0 A339 


j= Aino + Avs + Asio J” = Arg + Avi + Asoo U = Ajay + © Argo +0°Asi9 
9° Ayzo + OA) OAs VI = Ajay +07 Arg) + OAg9 UY” = Aygo + @ Avg +O 1.320 
whence” 

‘= Deel Oi (y= 1 ‘Che 74 
fH=oy jre=ar] Pt Oe pas an a 


402. Theorem. If 


p= Xap V"7” a,0=0, 1,2 
Then 
S. d = Xp Se P= ea a) Gas Lio 
S.J p= r*q S.Y > = aXe 8.27 > =o02p 
8.7) = x S.° = oxy, S07? = wx, 


S. oy = S (Sag, 79") (LHe? J*) = ST Lav Yea a”? i+" F"*4 ($+ Sh) (mod 3) 
= (290 You + Xi Yoo + Lap Yio + Loy You + O'My; Yon + OX Yi2 
H+ 2p You + O22 Yor + O22 Y31) 


Hence 

S.ov=S.do S.ovy4=S.xov= 8. dy 
and if 

o=%v S.277o= 8.07 f 
therefore 
Lad = Yar 
alee er ocd =0,4,2 
oly So g5e,0°° °°" Pee ie ee a, b, Cc, d,e, f= 0,1, 2 


403. Definition. If S.j@=0 Des o— 0 S.7=0 then we 
define 
K;.o=je KK; .9=S'"* 
404. Theorem. We may write ¢ in the form @=a + bi + cv” (at least if 
@ has not equal roots); whence, if 7 is chosen,’ so that S7=0, S. ji = 0, 
Sj*7i = 0, we have 
Kyo = joj =a + obi + 0? cr” K}o=7*o)-? =a + obi + wei? 


1SYLVESTER 38, 4; TaBEeR 2; C. 8. Peirce 6; also the linear vector operator in space of three dimensions, 
Bibliography of Quaternions, in particular HamMILTon, Tait, JOLY, SHaw 2; also articles on matrices. 
2Suaw 7. This applies to §§ 402-403. 8Cf. TABER 2. 
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405. Theorem. If 7’ is to be such that S.7/=0, Sij’=0, S1?7'=0, and 
if 7 is such that S.7=0, Syg=O0, Siz? =0, we may take 
J = J + O29" + Bit + Beith? + tT + yat’P? 
whence 
J? = 2a dy + 28; 720" + 28, 7,0 + 1 (B, a +0” By a, + a) B20 + a 22) 
+0? (a, 72+ Ay 20” + O10 + ay 71) + ..-- 
ana il ).) — 0.81) — 0, Si 7' = 0 then 
A, Og +o Boy, + w By, =0 Bid, + © % 8B, =0 11 ¥2 FOO; = 0 


whence 


aj = 20, Y1 az = 28, Y2 

and 

de: By? ¥2= a, :—w" B,: — oy, Or a= B,=72.=0 
That is 

Ji =(a+ Gitt+ mv )j=J(ay +o? Bit Oy; 1”) 

Hence 

JC =P (at Btt nV) 7 = (a +o Bt + wy, 17) 77 
and 


j' (at bt + et”) 41 =J(a + bt + ct?) 7 


It is thus immaterial what vector 7 we take to produce the conjugate Jjq, 
except that we cannot discriminate between (A, for one vector and A}®@ for 
another, if the second is equivalent to the square of the first. We may 
therefore omit the subscript 7 and write simply A, K?. 


406. Theorem. From ¢=a + bi+ ci? we have 
o> — 8a ¢” + 3 (a? — be) po — (a + § + & — 8 abc) =0 


or 


S.o—qo S8S.%p S. vp 
ee a S.g—o S.% =O 
S . ip S 4° S.o—$ 

407. Theorem.’ 


o+ Ko + Ko = 3889p = Tp 
oko + oK%o + Koko = 3 (S%p — Sip Si’) = Tp 
oko Kk’ = 8'o + Sid + S%i?o — 3 Sp Si?o Sip = Ti 
T.o=TKo=7,K°% T.9=7,KQ=1.K% T.9= Th Ko=T,K% 
408. Theorem. If a=1+%+4 27, where = Ez,q, i77”, 


S.ao—$o S.7 ap S.7 7? ap 
S.ajp S.jajo— > S.9~ ah = 0 
S.aj’p S.J aj’ — S. 7 aj’ — 
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Hence 
L,¢=S(atjtaj+j?aj*)o=S(at+ Kat K*a)o 
T, o = (Sap SKap + SKap SK*agp + Sap SK?ap 
— Sajp Sja9¢ — 8aj*o 87a — Sj aj°@ Sja. J>) 
Sap Sj agp Sap 
T3p = | Sajp Sj ajo S]ajp 
Saj*p Sjaj’e == SJ aj? 
409. Theorem.’ $* — 38.9’ + § (3S°@ — Sp’) @ — (3 S%o 
— 3S¢’Sp + Sp’) = 0 
Pi Ps + Hi He Gi + 1 3 — 389, . (, G + 2 Pi) — 38S, . oj 
+ 3(S°o, — 4 SV">,)o, + 3 (28, So, — SVG, Vo.) >, 
— (389, Sd, + 3S8V*o, Vo, — 389, SVo, Vo, — 3 So, SV*9,) = 0 
where Vo = (9 — S$) 


Also 
$1 Pz Ps + $1 Hs Pz + Hz Pi hs + 2 Ps Pi + 3 Hi Go + Os eH; 
— 38, «(dos + Psh2) — 3Sb2 - (G13 + Osh1) — 3895. (G162 + 291) 
+ 389, (38H, SH; — SH2 $3) + 32 (35H, SH; — SH. os) 
+ 39;(3Sp; SH, — SH, $2) — (27SG; Sp. Shs — 9S, SH» >; 
— ISH, Sd, 3 — 9S; SH, G2 + 38H, >, b3 + 389, >; d2) = 0 
410. Theorem, If 
fe (8, 1) = 3 [6° +9 + a re to 4 aca k= 0, 1,2 
then 
= (ho) [A (4, 2) + tA (6, 7) +? A(4, n)] 
= (739)? L/A(8, 0) + 7A (6, 0) + 7A (6, 0)] LA (x, 0) + tA (x, 0) + FA (x, 0)] 
If p, and ¢, have the same unit 4, 
d,=—at+hi+c? o, =a’ + b4+c? 
Pide = (T5 o1)* (Lhe)? LA(O+0, 1 +2!) + (O40, 1 +7!) + PA (04+0, 74+7')] 
The functions f, satisfy the addition formulae ! 
hi (6 + 6, 7 -+- n') = fo (6, n) Ig (0, n') + Ji (6, nN) Se+e (0, 7!) +h (6, n) Sess (6, 7!) 
Si (08, 0) = of, (9,0) — F, (@8, wn) =f, (6,7) =f. (9, 0) = fx (0, 4) 
K .o= (13 9)' LA (09, on) + if, (09, 27) + PA,(09, w’x)] 
K* .o= (13) [h (0, on) + if, (06, on) + “Pf, (06, o7)] 
o* = (Io) *[f(— 9, —x) + tf (—6, —n) + Pf (—8, —n)] 
-= (73)? Lf (P9, pn) 2s wh, (p), pn) - Vf (p8, pn)] 
411. Theorem. The characteristic equation of ¢ = >,,7i*7’ may be 
written 


MF ot Lo—P Mt M+ ry Let et 
2 vi 
op + W Ly + "ory Loy +O Ly + W'y—P Uy + Wy + OD =0 
Si. 
Xo + OP + @ yy Tox + Wy + @ Moe Ly + °X19 + @ Xq— H 
1TABER 2, 
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8. MATRICES AS QUADRATES. 

423. Definition. A matrix (as understood here) is a quadrate of any order; 
that is, a SYLVESTER algebra, usually of order > 4°. Its units are called vids! 
if they take the form 

Kiso 7-10. 


424, Theorem. The general quadrate may be defined by the 7 = n’ units 


Cab RE sont! RS 
such that 
Cab = a 
where 
i= *es a) J = gy + Ava H+ Ana, neo 7 Anio 
ji = wt) qn ame a a gee =1 
27 ——- . 2n 
@ = cos > + /—1 Sa 
If? 
0 Heong es Pe 
Y= > Yea J" Ce bea 
PY = & - Hay Yoa oP? itt gj? t4 @. 0,601... .n 
425. Theorem.? S.@ = xp No MELA od ae oe S.ov=8.vo 


426, Theorem. Since every quadrate in the second form may be reduced 
to the first form, it is easily seen that @ satisfies the identity (characteristic 
equation) 


= Xo SRST: 7) = Hej ou Se? « @:.6 eo XLsn-1 
SO 4 > Wy —P..-... Drees ay, 
Soe as Si ea Ya a9 — 
n—1 
in each term‘ = represents > 
s=0 
427. Theorem. We may write 
275 0) i a,b=0....n—1 
S.gy =>. Sip OSJP? ey @, 0 = 0%... need 
Ifa=1+714+?+4....+47"1, then the identical equation is 
Sap — > WE DD es Mo ae 
Saj SJ aj O— 9. ... ss S-“ ase ae 
Saj" 1 » a ee ee S-"V ag") o@— 


1 LAGUERRE 1; CayLey 5; B. Peirce 3; C. 8. Perroz, 4,8; STEPHANOS1; TaBER1; SHaw7; Lav- 
RENT 1, 2, 3, 4. On the general topic see Bibliography of Quaternions. 

*SHaw 7; LavuReEntT 1. 3 TABER 38. 

4CaYLEY 3; LAGUERRE 1; FROBENIUS 1,2; WeyR 8; TaBEeR 1; Pasco 1; BucHHEIM 3; MOLIEN1; 
SYLVESTER 1; SHaw 7; WHITEHEAD 1, and Bibliography of Quaternions. 
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428. Theorem. may be resolved according to the preceding theorem 
along any units of the form given by i, 7, as 


Coy — tae Lae 
If 7 be such that 
S.7°¢=0,j7=1 at eee ee | 
then @ may be written in the form 
D = qq + 2D Lqpt* 7” 7 Sm 8 Rte oD RY eek | Vt Pee | 


429. Theorem. Whatever number @ is, 8’ G— has the same characteristic 
equation as @. Hence if this equation is 


gE" — my EP! + m, EF? —.... + m, = 0 
not only is @ a solution, but equally 6° B-*. 


430. Definition. When 
ao Sah 0 Pa ae I 
we shall call 7*@7-'= K‘.@ the ¢-th conjugate of 9. 
If > is in the form of $428, 
KU 6=—3 foro @—1....4-1,0—0.; a1 


Hence K‘.9¢ is the same function! of wt that @ is of 7. 


431. Theorem. We have at once 


o+K.94+ K’.94+....+ K"".9=nSo =m, 
(¢9+4.04-...% an S*.¢6=> KOn o o1=—0.- 35-4 
and since 
g’ + (Ko) + ee OD A Ie cf 
therefore 
2K '*oK ‘o =n? S*p — nS? = 2m, o $= 0.5). na- 1) sHt 
Similar equations may be deduced easily for 3!m,;, and the other 
coefficients. : 


432, Theorem. If ¢ .o = go, then 


FD. 9'O 9. 70 
also if 
(o — 9) 0, =0...... (p—g)"—'o,=9, (¢—g)*o,=0 
then 


(K'o — g)j'o, =s'o, ...-. (K*9—g)" fia =sj, (K'e—g)*j'o,=0 


433. Theorem. If the roots of } are such that each latent factor (¢—4g;) 
occurs in the characteristic equation of @ to order unity only, then @ may be 
written 


n—1 


=a fat t ..-- ay_yt 


1Cf. TABER 2, 
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and 
O07 — (dy Gy se 4). 
@ . Jay? = (+ a-fa + ..-- a7") ay_y) Jaz? 

Hence the latent regions of K‘ are simply those of @ transposed. This 
does not necessarily hold when the latent factors enter the characteristic 
equation to higher powers. We might equally say the roots of K'@ are those 
of @ transposed (cyclically). 

434, Definition. The transverse of @ with respect to the ground defined 
by 1,7 is 

Pp = 2xtyJ °° = Layo 1° 7-” 
It is evident that ¢ = 9. 

If $ =1 we call ¢ orthogonal. If p= we call @ symmetric or self- 

transverse. If 


@ => (xi + Y— 1 Yas) Aizo, (2, Y Teal) 
and if oo 
@ = > (a;—V— 1 yas) Aigo 


then @ is real if $ = 9, unitary if $> = 1, hermitian if @ i. 
435. Theorem. The transverse of oy is ¢. Consequently oo = $9, 
and op = $9. 
436. Theorem. We may write the equation of 9, if 
g=atbitar +.... +h"! 


oe (6 (6s e 6, @ 6 46 16) 6 Son 0 Oe 6; 0) 46) 68. O62 16,10 0 6 46, 65 67.6 07 0 Oe S89 


So that 


gan Shia hp a,0—07--.n 1 4es-8 
T3o = =2K%o Ko K°o 


T, o = oKo REO sia Ds Galeaerat 


It follows that if the characteristic function of & be formed, it may be 
written 


(— 9) (E— Ko) ..-. E—K"""9) 


By differentiating this expression in situ the characteristic function for 
g,....&, may be formed in terms of @,..--@,- This function will vanish for 


E,= Dts Fe Oe 
b= K'o,...-&,= Kd, (¢=1..:."—<1) 


or for 
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XX. PEIRCE ALGEBRAS. 

437, In the following lists of algebras, the canonical notation explained 
above is used. In the author’s opinion, it is the simplest method of expres- 
sion. The subscripts only of the will be given; thus (111) + a(122) means 
Ayn + GA. For convenient reference the characteristic equation is given. 
The forms chosen as inequivalent are in many cases a matter of personal taste, 
but an attempt has been made to base the types upon the defining equations 
of the algebra. The designation of each algebra according to other writers! 
is given. 

The only algebra of this type of order one is the idempotent unit 

€y = 1 = Ayn = (110) 
488. Order 2. Type?® (x, 2): (0 — Wye)” = 0 
= (110) Cet 1d) 

The product of € = 2,6, + %,¢:, 6 = ye; + Y2& 18 

Co = & (2 Yo + %2 Yi) + & (Xo Yo) 

The algebra may be defined in terms of any two numbers ¢, ¢”, if (+ 0, 

so that we may puto in the form o = xf + y@. 


439, Order 3. Type? (7,1, 1”): (x — a €,)® = 0 
6 — (110) Beall QUIS) é, = (112) 

The general product is 
Co =e (ag + X2Y2 + rays) + ee (ways + Wee) + &s (ways) 

The algebra may be defined in terms of @, ¢”, ¢%, if ¢? 0, ¢° $ 0. 

Type* (n, %, 7): (a — ag eg)” = 0 
és = (110) + (220) €, = (210) re aw 
Co = (ay Yg + X41) + ee (2 Ys + Xs Yo) + 5X3 Ys = o¢ 

The algebra is definable by any two numbers @, o whose product does 


not vanish. The product of fo may be written 
fo = o SE + (So — e, SC So 


e, SCSo = o 86+ CSo — Co 
Also we may write the algebra (, @’, 0’), where ¢’, 0’ are nilpotents, 
i =.0 —_ of. 
440, Order 4. Type® (n, i, ®, 7°): ; (x— a,e,)' = 0 
ae (110) ¢ = (414) é, == (112) 6= (iy) 
If =S8¢+ VZ, then the algebra is defined by 
oo... m if:St$0, VE pO, (VIP +O, (VEY 0 


1Enumerations are given by PINCHERLE 1; CayLEy 8; STUDY 1, 2, 3, 8; ScuEFFERs 1, 2,3; PEIRCE 3; 
Rour 1; STARKWEATHER 1, 2; Hawkes 1, 3, 4. 
2Srupy Il; Scuerrers II,; PEIRCE a,. 

4Srupy V; Scuerrers III,. 


7 


Hence 


8Srupy III; Scuerrers III,; PEIRCE 4,. 
5Srupy V; ScHEFFERS IV,; PEIRCE 4,. 
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Type (n, t, J, J”): 
e, = (110) + (220) 


es = (210) + a (122) 


(x — ae)? = 0 
€p = (111) + 6(122) e= (112) 


fo = — 80.80 +0 8S + CSo + & (a2 yz + x3 Y3 + 5 x2 Ys) 


or 


VE. Vo =e, (X24, +a23Y3 +8 ae Ys) 
V0. Vo— Vo. VE =a — of = be, (ay yx — 2s Yo) 


Hence 


We have two cases then: 
We may determine e; = e,, from 


(1) when 6 =0, (2) when 6 $0. 


(Vc)? = 4 (a2 + aa) 


When a= 


0, this gives us only one case of o? = ¢. 


When a £0. we may take & =e, as well as &@=e,; whence, if a=0 
’ hs 3 1 2 1 , 


€ €g = 0 


If a + 0, we may put a= 1 


€3 €, = 0 
Finally, then, we have! 
(nt7j*) (1) &% = (210) 
(n ij j?) (2) ey == (210) + (122) 


(nt jj”) (3) 
(n 479") (4) 
Type (n, %, J, WJ): 

e, = (110) + (220) 


€, = (210) 


G.— (210) 


op (2 122) 


6,—2 (111) = (981) 


€,€, = 0 


€y €3 = 0 


eo (111) e, = (112) 
Gia (EIA) C= 112) 
€. = (111) + (122) e112) 
€p = (111) + (122) e = (112) 


(x — 2,4) = 0 


Caos 214) 


Co =e; (x3 Yx — Le Yz + 3 Ys + Ly Ys) +e (2 4 + 4 Yo) 


+ 63 (23 Ye + 4 Ys) Hee MY 


Defined? by Z, o, such that (V¢)*» =0 = (Vo)? 
Vi.Vo=—VoVE 


Type® (n, t, J, Is): 


(a — 27,¢)° =0 


€, = (110) + (220) + (330) €,= (210) és == 1310) é, = (141) 
Vi-Vo = 0 
Defined by any three independent numbers. 
441, Order 5. Type! (n, 1, 0”, 0° (2 — x5 @)° = 0 
é, = (110) A 4111) py ean a} e, == (113) 6. = (114) 


Definable by any number ¢ for which (V¢)* $ 0. 


1Srupy IX is (y, 4, j, j*) (3) if e’, = (210) — (111) + (e — 1) (122), eg = (111) + 2(122) Scuerrers IV, is 


the sam3. 


Petrce 6, and b/, reduce to this form. Srupy X and Scuerrers IV, reduce to (2); Stupy XI 


and Souerrers IV, reduce to (1); Scuerrers IV, reduces to (4) if A= —1, otherwise it reduces to (3). 


28rupy XIV; ScHerrers [V,; PEIRCE d,. 
4ScHEFFERS V,; PEIRCE a,. 


38tupy XVI; ScuEerreERs IV,. 
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Type" (1,4, 5,3°,3°): 
e; = (110) + (220) 


é,== (111) + 5 (128) 
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(x — as &)' = 0 
e, = (210) + a(123) 
@==(112)  e=(113) 


(1) 640, we may take }=1. 
(2) b=0, we may take a= 1, or 


(3) b=0=a, 


Type” (n, t, J, Y, J"): 
@s = (110) + (220) 


e, = (111) + d(221) + ¢(122) 


(1) e, = (210) 
(2) = 6, — (210) 
(3) e = (210) + (122) 
(4) e& = (210) + (221) 
(5) e, = (210) + (122) 


Type® (n, a, v, D; ge 


€; = (110) + (220) + (330) 
Chita) 


é3 = (310) 


Type* (n, 4, J, &, ): 
és == (110) + (220) + (330) 
€3 = (310) + ¢(122) + d (132) 


(1) e, = (210) + (122) 
(2) & = (210) 
(3) ¢ = (210) 
(4) e, = (210)+4+(122)—y(132) 
(5) e, = (210) + (122) —(132) 
(6) ¢,= (210) — (132) 
(7) e = (210) +(1 +. 4°) (122) 
(8)  e = (210) + (122) 
(9) e, = (210) + (122) 
(10) e, = (210) — (122) + (132) 


3— 
5 
(x — a5@)® =0 


e, = (210) + 5 (221) + ¢ (122) 


Dm VHB eee ae) amma EY.) 
és; = (111) + d(221) 
€3 = (111) + d(221) + (122) 
Ce a) 
es = (111) — (221) + e(122) 
e, == (111) + d(221) + e(122) 


(x — x,¢,)* = 0 


e, = (210) + (320) 
Ci (hb2) 


(2 — 5 és)® = 0 
e, = (210) + a (122) + b(132) 
ey = (111) +e(122)+f(132) e =(112) 


és = (310) + (132) e=(111) e¢=(112) 
a = O10 ise ee 
Ce (S10) a es 
és = (310) + y (122) — (132) e= (111) 
€, == (310) + (122) 2. oe ence ee eee eee 
fe (10) (18a) os ee ee 
6g = (310) en eee ees 
ey = (310) e== (111) —2(122)........ 


e, = (310) + 2(122) — (132) 
e, = (111) — 2(122) 

és = (310) — 7 (122) — (132) 
e, = (111) — 2i (132) 


1$cuErrFeErs V, is in (1), e, = (210) + (123) — (112), es = (111) + 2 (123); Scuerrers V, is (2); ScHEF- 


FERS V, is in case (1), a = 0, e, = (210) — (112); 


k= (112), T= (113), m= (210) + (123) + (112); 
m = (210) + (112). 


Scuerrers V, is (3); Perroe b, is in (1), j= (111) — (123), 
PEIRCE ¢, is in (1), j = (111) — (123), k= (112), t=(118), 


? ScuErrers V,, is(1); ¢,= (111) + 2 (221), e, = (210); V,, is (2} with d = — 1; Vj, is in (5); Vi) is in 
(2) or (4); PxrIrcE d; is in (5); ¢, is in (4); f; is in (1); 9, is in (5); A, is in (3); 4, is in (1). 


3ScHEFFERS V,,; PEIRCE j,. 


4 These are in order SCHEFFERS V,,. — Vig 
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Type (n, a, J, &, l): (x — m5 es)" = 0 
(1)? e,= (110) + (220) + (330) + (440) €, = (210) — (131) 
és = (310) + (121) €, = (410) ej (111) 
(2)? e,= (110) + (220) + (330) + (440) ¢cm=( 210) 
€; = (310) €, = (410) Gr oe (i114) 
442. Order 6. Type? (yn, i, 7, 7, v0): (x — 2 €)° = 0 
Ogee i110) -@—(1tl)- 2) — (142) = (113) 4, = (114) “e, = (115) 
Type* (1,4, J, 5") Jy I*): (x — age)” = 0 
€, = (110) + (220) e,=(210)4+a(124) e = (111) + 6(124) 
6, == (112) €y = (113) Coa (a c4) 
G8 es om en €, = (210) + (124) €, = (111) + (124) 
(2) a= 0,6 1) * 6 = (910) €, = (111) + (124) 
(3) a=0=b es = (210) é, = (111) 
Type? (1, 2, a, yy, ge a) (x ae es)" =0 
(1) e,= (210) + (122) + 2/—1(221) e=(111) + (221) 
(2) ¢, == (210) €, = (111) + 2 (123) 
(3) ¢, = (210) + (128) eit) + 2 (123) 
(4) e;= (210) & = (111) + d (221) 
(5) ¢,= (210) + (221) ee (117) 
(6) e,= (210) + (123) €, = (111) + d(221) 
(7) es; = (210) + (221) é, = (111) + (128) 
(8) ¢, = (210) == (111) 
(9) ¢, = (210) + (123) ep 4411) 
(10) e,== (210) + (122) €, = (111) — (221) — 2 (122) 
(11) e,;—= (210) + (122) é, == (111) — (221) 
(12) ¢,=(210) + (128) é, = (111) — (221) — 2 (122) 
(13) ¢, = (210) é, = (111) — (221) — 2 (122) 


(14) e,;= (210) + 2(1 = S—1) (221) + 4% —1 (122) + (123) 
e,= (111) = /—1 (221) + 2(1  W—1) 122 
(15) ¢; = (210) + 2/— 1(221) + (122) e, = (111) + (221) + 2 (123) 


(16) e¢,= (210) + 4 (221) + (128) €, = (111) + (221) + 2 (122) 
(17) e,= (210) +4 (221) €, = (111) + (221) + 2 (122) 
(18) ¢,= (210) + 4(221) + (123) e, = (111) + 4 (122) 
(19) ¢; = (210) — (m — 1) (221) — 4 (m + 1) (m— 8) (122) 

1 


e,= (111) + (221) + 2 (122) 


1 SCHEFFERS V,,. 2? ScHEFFERS V,,. 3 PEIRCE a. 4 PEIRCE b, is (1); ¢, is (2). 
5 These are in order STARKWEATHER 4, 8, 9, 11, 12, 13, 14, 15, 16, 19, 20, 21, 22, 28, 27, 29, 30, 32, 33. 
Also PEIRCE aa, and ~, are in (4), ad, in (5), z in (6), af, in (8), ae, in (9), u, in (11). 


POEs Paw OT eee Se ee alee se et oe eee vr pa }. 


a et PR ea ee ET RO ie 
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Type? (x, a, is a ie ) (x — ae,)* = 0 

(1) e, = (210) + (320) é,=(310) eg = (111) 4=(112) ¢= (118) 
(2) ¢, = (210) + (320) 4+ (133) e,=(310)+ (123)  e=(111) 

€ = (112) e,=(113) 

(3) e5= (210) + (320) + (133) e=(310)+ (123)  e=(111) + 2 (123) 


Cra to) (Semen 1S IS} 
(4) es = (210) + (320) é, = (310) €s== (111) + 2 (123) 
3 == (112) Ge (ito) 
Type* (1, OE k, ke’, k’) (x — 5 @)* = 0 
(1) ¢ = (210) €j = (810) Gas (191) 6112) == 113) 
(2) ¢, =(210)+(123) e,=(810) eg= (111) e,= (112) e, = (113) 
(3) e;= (210) 6: = (aio) és = (111) + 2(128) 
é, = (112) Ce (1 3} 
(4) ¢ = (210) — (133) é, = (310)+ (128)  e,=(111) 
éx== (412) 6 = {11s} 
(5) ¢= (210) e, = (310) és = (111) + 2(133) 
Cr (112) é, = (113) 
(6) e,= (210) + 9(133) e, = (310) 4+ (123) Cpa lid) 
= (tt 2) é, == (113) 
(7) e,;= (210) + (133) €, = (310) + (123) é3 = (111) + 2(123) 
ge == (113) é, = (113) 
(8) © = (210) + (188) + (128) e, = (310) +(128) €, = (111) + 2(133) 
C= (112) Coes @ Bs 
Type (n, 53 Yy, OF y”) we=1 (ao 565) = 0 
és = (210) + $(1 —a) (221) —$0(122) e = (111) + @(221)—4 (1—«) (122) 
és = (211) + $ (1 —o) (222) €y = (112) + w? (222) 6; = (219) 
Type (x, t, J, k, th, k*) (x — ae)" = 0 
(1) ¢ = (210) é, = (310) + (132) é3 = (111) + 5(122) + ¢(182) 
@ = (211) ep (ria) 
(2) e,=(210)+4+ (122) e=(310)+(182) e,=(111) + b(122) + ¢ (132) 
€, = (211) 4==(113) 
(3) e,=(210) +a(122) e=(310) + (122) + (132) 
és = (111) + 5 (122) + ¢(132) @ == (311) e418) 
(4) ¢= (210)  e=(310)+(122)4+(132) ¢ = (111) + b(122) + ¢ (182) 
2 = (211) #, == (112) 


(5) e,==(210) + (132) = (310)— (122) es = (111) 9 @ = (211) 
(6) e,=(210) e = (310) eg =(111)+(122) é, == (211) é, = (112) 
(7) e&=(210) ¢,= (810) 4 =(111) é5==(211) == (118) 


1 These are in order STARKWEATHER 3, 5, 28, 10. 
2 These are in order STARKWEATHER 1, 2, 6, 17, 18, 24, 25, 26. 
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Type (n, 1, J; k, e i) (7— a e.)° =0 
(1) ¢,=(210)—a(132) e&= (310) + a (122) €; = (410) 
e, = (111) + a (122) + a(182)4a(142) e = (112) 
Cre ee ae Geet) a 192) ae) 
(8) poe eee ee €p== (111) + a(122)4+a(142) eee eee 
Ce en eed 1) Sos ee ee 
Gee rae ac te SO SOR) a i ee Cee 
Ce ee ee 7 ime eg Rein elidel Se) 
(7) e= (210) ej, (S10) €3 = (410) 
é, = (111) + (122) + (132) + (142) é, = (112) 
(8) B11) (122) 0a eee 
() ee) rere le Ba hs oe 
(10) ie emt GD sro oe ee ee ee 
Type (n, 1, J, *, , wu) (x — %& es) oe 
Ay = (210). (231) e, = (310) + (221) €3 = (410) 
@y = (111) + (221) + (281) + (241) = 4 = (211) 
Ope ee 6 (111) ee (281) 
CS) ee ee Ope (il ye (ed) 24) ee te 
Cl ee pe) 
(Bye eee Pen @ 0 ee 2 De ee 
(6) 222s Oe ee 
(7) & = (210) € = 1310) €3 = (410) 
ey = (111) + (221) + (231) + (241) €aeAail) 
(8) 2.5. oa Seeley Geely ek re eS 
(9) ieee Seed (200) ee 
(10) wee cere eeee cess re ee a ee 
Type (n, 2, J; &, l, m) (x — xe)’ = 0 


5 = (210) é, = (310) €; = (410) €, = (510) é; = (111) 
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XXI. SCHEFFERS ALGEBRAS. 


443. The following lists include algebras of order less than seven, with 
more than one idempotent. Reducible algebras are not included, nor are 
reciprocal algebras both given.’ The idempotents are 7; direct units a ae 
skew units e. 


444, Order 3. Type” (113 2; &1) (x — a, €) (a — a &) =0 
és = (110) e, = (220) é, = (210) 
445, Order 4. Type* (713 72, 4} 12) (% — x3 &) (© — %,&)? = 
€, = (220) é3 = (110) é, = (111) é, = (210) 
Type* (m3 N27 C21) é'») (2 — x3 €) (x— my €) = 0 
é, = (110) €3 = (220) é, = (210) é, = (211) 
Type” (113 N23 215 &12) (x — x3 &) (~ — a, &) = 0 
6 110) 3 == (220) é, = (121) é, = (211) 
446. Order 5. Type® (mj, 2, 47; 12, €) (x— w, &) (wx — x; &)? = 0 
é,= (110) e&=.(220) eg=(111) e&=(112) e = (211) 
Type" (m,%} 2, J} x) (% — ay &)” (% — a5 &)? = 
@= (110) &=(220) e@= (111) e=(222) e= (211) 
Type® (ni, %} 25 xi, en) (2 — &, &) (w@— a; e)” = 
(1) e; = (110) €, = (220) €é;= (111) e&=(211) e=(212) 
(2) e, = (110) é, = (220)+ (330) e=(111) @&=(211) e= (310) 
(3) €;= (110)+4+(220) e,= (330) é,= (210) e=(111) e=(811) 
Type® (11, %5 N25 C125 1) (7 — x, @) (w@— 2%; &)” = 


(1) e, = (110) é, = (220) é; = (122) é, = (210) é, = (112) 
(2) e; = (110) €, = (220) é3 = (122) é, = (211) é, = (112) 


Type” (113 25 ey Ci, &2t') (x — a, &) (w — x; &) = 0 
€;= (110) e= (220) + (3830) + (440) e= (211) e=(810) e,= (410) 
Type” (13 25 12) erry 21) (% — a, &) (w— & &) = 0 
€;= (110) e=(220)+ (8380) e=(121) e=(211) e¢= (810) 
Type” (213 25 35 Sr &1) (x — a5 &) (@— & &) (w— ae) = 0 
€,== (110) e= (220) e=(880) ¢= (221) ¢= (3811) 
Type™ (713 253 N33 Cry Sx) (a — a3 &) (w— m4 €) (© — & %) = 0 


6 ==(110) e&=(220) e&=(330) e = (211) 4¢=(821) 


1For algebras of order seven see HawkrES 4. ®These are in order SCHEFFERS Vy, Viz, Vis3 


*Stupy 1V; Scuerrrers IIl,. HAWEES (V) 2,,, 29; 1g. 

8Stupy VII; Scurrrers IV,, ® These are in order ScHEFFERS V,q, V;3; Hawkes (V)3,, 3,. 
4Srupy XV; ScHEFFERS IV,. 10 SCHEFFERS Vs,; HAWKES (VY) 5. 

58rupy XIII; Scuxerrers IV,. 11 $CHEFFERS V,,; HAWKEs (Y) 6. 

$ScHEFFERS V,; Hawkzs (VY) 1,. 12 SCHEFFERS V,. 


‘SoneFFERS V,; Hawkzs (V) 4. 13 SCHEFFERS V,. 
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447, Order 6. Type? (nj, 2, 1”, 4°; 193 91) (x — m5 €) (x — me &)* = 0 
@,2= (110) e= (220) e&=(221) eg= (222) |= (223) e¢,= (210) 
Type” (1, %1, iy J15 N23 a1) (& — a5 €) (w — 2% e)° = 0 
(1) € = (220) + (830) e,=(110) e=(820) ee =(221) e= (222) 
é, = (212) 
(2) eg = (220) + (330) e= (110) e= (320) 4+ (232) é3 = (221) 
€y = (222) €; = (212) 
(3) = (220) + (3380) e= (110) e=(820) + a(232) 
é, = (221) + (232) €y = (222)  e, = (212) 
(4) e, = (220) + (330) e=(110) e= (320) e= (221) + (232) 
ey = (222) e, = (212) 
Type* (m1, t diy Jus M25 21) (@ — age) (x — a5 &)? = 
€5= (110) ¢,=(220)+(330) e=(221)— (331) e=(320) e = (321) 
é, = (211) 
Type* (ry ty iy his N25 a1) (% — 2g &) (w— as ey)” = 0 
€,== (110) ¢ = (220) + (830) + (440) e=(320) e=(420) e= (221) 
é; = (211) 
Type? (11, t1, U5 Ney te; 1) (x — wg €)” (% — wg €)° = 0 


ég= (220) ¢ = (110) e&=(221) e=(111) | =(112), e= (122) 


Type® (m1) t1, Jas Ney te} a) (x — a, ey)” (x — ag €)” = 0 
= (330) e,=(110) + (220) e=(331) e= (210) eg = (111) e¢=(311) 


Type" (n, %, Vi; M23 G12, et») (x — as eo) (x — xg &)* = 0 

(1) e¢,= (110) e¢,= (220) + (330) + (440) eg = (221) + (430) ee, = (222) 
f= (310) €; = (410) 

(2) eg=(110) e,= (220) + (330) + (440) e= (221) €g = (222) 
& = (310) é, = (410) 

Type® (ni, 1, Ui5 N25 C12) er) (x — ag &) (w — wy &)? = 0 

(1) & = (330) + (440) ¢, = (110) + (220) e,= (132) e=(310) e=(111) 

é; = (112) 

ae eee rat oie Metal a eer ne ae fer 6,52 (142)... eS. 

Type” (ny, 1, Jis 25 ary &1) (x — xg &) (w — x5 €)” = 0 


(1) = (110) ¢ = (220) + (830) + (440) + (550) e = (320) + (540) 
€; = (221) e,= (410) e, = (510) 


Ce ee ee ee eee 4, (320) > 2 wets 
1 Hawkes (VI) 1, 1. 4 Hawkes (VI) 1, 6. 1 HawkEs (VI) 3, 1, 3, 2. 
2In order Hawkes (VI) 1, 3, 1, 4, 1, 2, ——. *Hawkxes (VI) 2, 1. 8 HAWKES (VI) 4,1, 4, 3. 

3 HawKEs (VI) 1, 5. 6 HAWKES (VI) 2, 2. 9HawKkgs (VI) 3,3; 3,4. 
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Type* (15%, 51; a3 enn, 12) (x — a4 €) (%@ — a, &)? = 0 
(1) e, = (330) + (440) ¢e= (110) + (220) + (550) @&=(131) e= (310) 
€== (210) ¢==(111) 
Oe eee Cm (141) eee OL eae 
Type? (ny, %1; 2, te; er, €13) (x — 25 &)” (w@ — 254)? = 
(1) &=(440) ¢,=(110 + (220)+(330) e=(111) €3= (441) e,= (140) 
é, = (141) 
(2) €,= (440) e,=(110) + (220) €y=(111) e= (441) e = (240) 
é, = (241) 
(3) €6= (440) ¢, = (110) + (220)4(330) g=(111) e=(441) e¢= (340) 
é, = (240) 
Type® (1, 13 M2, t23 C12, 1) (& — xg €)? (w@— age) = 0 
(1) e = (3830) + (440) €, = (110) + (220) €, = (310) + (421) 
és = (131) + (240) e=(441) e=(111) 
LR ae ee ee Cp (PAO) eee es a 
yo ee Gp S1O) cee (Sl) (ade: 2 ee 
i) a ee é3 = (240) 
Type* (m1, ty; 123 e12) e125 e12') (x— mg ) (x — ase)” = 0 
(1) ¢=(440) e,=(110) + (220) + (330) &=(111) ¢=(340) 


@=(140) e,=(141) 
(2) e=(550) e,=(110) + (220) + (330) + (440) e= (111) e = (150) 
? == (200) col) 


(3) Se ea a ee Bore ls wreck bo on ee ee i (350) 
e, = (450) 
Type (m1, 4153 N93 el, Ce €21) (x — Xe) (%@ — Xz)? = 0 


(1) e = (440) + (550) e=(110) + (220) + (330) e=(530) e,= (140) 
é,== (111) ¢=(141) 


Ne ee ee é&== (141) 
ea €; = (240) 
Type® (m, 13 M25 Cary C21 C12) (x — 2 €) (x — xs €)* = 0 


= (440) + (550) €; = (110) + (220) + 330) €, = (410) és = (141) 
é,==(111) - ¢==(530) 


Type" (nm; N2) C12, ete e12', ei ) (x — X €) (a — Ls, €) = 0 


€ = (660) e,= (110) + (220) + (330) + (440)4+(550) e, = (460) e, = (360) 
€, = (260) e, = (160) 


'HawKEs 4, 2, 4, 4, ‘Hawkes (VI) 5, 2, 7,1, 7%, 2. 6 HAWKES (VI) 8, 2. 
* Hawkes (VI) 5, 1, 5, 8, 5, 4. 5 HAWKES (VI) 8, 1, 8, 3. 7 HawKEs (VI) 9,. 
§’ Hawkzs (VI) 6,1, 6, 2, 6, 3, 6, 4. 
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Type? (115 125 Czy 125 €12'y nr) (x — a5) (~— ae) = 0 
€, = (110) + (220) + (380) 4+ (440) e,= (550)4+(660) e,= (460) e5== (860) 
€, = (260) e, = (510) 


Type* (113 N25 Cz &12 et 21) (x — m €) (x — &; &) = 0 

€; = (440) + (550) + (660) €5 = (110) + (220)+ (330) €, = (680) 

3 = (530) €, = (250) e, = (140) 

Type® (113 t13 M25 M35 Cry 1s) (x — 2, €) (@— %p €y) (w@— 2 &)” = 0 

€= (110) e=(220) e&= (880) e= (3813) e= (323) e = (333) 

Type* (m1 13 N23 N33 Cory &a) (x — a &) (x— 25 &%) (w— 25H)? = 0 

€g== (110) e,== (220) e&=(830) e,= (212) e&=(282) e==(881) 
Type® (m1, 13 %25 35 135 &a1) (a — ay €) (x — m5 &) (x — xe)? = 

€=(110) e¢=—(220) e&=(3880) e¢e,=(231) e=(312) e= (832) 

Type® (n, 1; N23 33 Sar, Cx) (a — m% €) (x — x, €) (a2 — a6 eq) = 0 

Gp (110) (720) e380) ee, —— (121) es = (981), = (881) 

Type" (113 N25 33 C125 C13) ©) (a — ary €y) (a — 25 &) (x — me ey) = 0 

€,== (110) e,= (220) e=(830)4+(440) eg=(811) e= (420) e,= (821) 

Type® (113 "23 M83 C125 C135 se) (@— 2, €) (x — my €) (a — ae &) = 0 

(1) ¢g==(110) e,=(220) e&=(830) e& = (812) e= (231) e= (322) 

er ee ee ég=(211) e&=(820) e¢= (811) 

CO) ee, €,==(321) e¢=(311) 

Type (113 N23 N33 e12y 125 €s1) (% — a4 &) (%@— 25%) (w— %ee%) = 0 

€,== (110) ee = (220) e=(830)4(440) e= (420) e= (1380) e, = (321) 

Type™ (113 "25 133 C12» xy 1) (a — 24 &%) (% — He) (a — a &) = 0 


== (110) ep (200), e, == (330) 6, = (C211) ee, — (181) ey (a) 


1 Hawkes (VI) 10,. 5 HawKEs (VI) 2, 2. 8 HAWKES (VI) 45, 9, 1, 95 2. 
2 Hawkes (VI) 11,. 6 HawKEs (VI) 73. 9 HAWKES (VI) 5g. 
3 HawKEs (VI) 1; 2. 7HAWEES (VI) 3. 10 HAWKES (VI) 8,5. 


4 HAWKES (VI) 6,. 
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XXII, CARTAN ALGEBRAS. 


448, Quadrates. The units in this case have been given. 
Dedekind Algebras, These have been considered. 


Order’ 7. e,=(110) 6, == (120) es = (210) e, = (220) 
€; = (330) €5 = (130) €; = (230) 


Order 8. Type Q, X (x, 7) 


This is biquaternions. 


| Type’ Q, + (n, t) + es 


(110), (120), (210), (220), (880), (831), (181), (231) 
Order 12, Triquaternions, 


Order 16. Quadriquaternions. 

It is not a matter of much difficulty to work out many other cases, but 
the attention of the writer has not been called to any other cases which have 
been developed. 


1 SCHEFFERS Q,. 2 SCHEFFERS Q,, Q,. 


PART III. APPLICATIONS. 
XXIII. GEOMETRICAL. 


449, The chief geometrical applications of linear associative algebras have 
been in Quaternions, Octonions, Triquaternions, and Alternate Numbers. 
These will be sketched here very briefly, as the treatises on these subjects are 
very complete and easily accessible. What is usually called vector analysis 
may be found under these heads. There are two other algebras which find 
geometrical application in a way which may be extended to all algebras. 
These will be noticed immediately.’ 


450, Equipollences. The algebra of ordinary complex numbers 


| € Cy 
€o | & q —q=1 


has been applied to the plane. To each point (2, y) corresponds a number 
z=x2-+ ye. The analytic functions of z (say f(z) where df.z=/' (z) . dz) 
represent all conformal transformations of the plane; that is, if z traces any 
figure C; in the plane, f(z) traces a figure C, such that every point of C, has 
a corresponding point on C, and conversely, and every angle in C, has an 
equal angle in C, and conversely.” 


451. Equitangentials. The algebra 


| & e 
€& | & e; &=1 
q | & 0 


has also been applied to the plane. The analytic functions of z represent the 
equisegmental transformations of the plane, such that f(z) converts a figure 
into a second figure which preserves all lengths. To z= x + e y corresponds 
the line € cosx + ysinzx—y= 0. 


452. Quaternions. Three applications of Quaternions have been made to 
Geometry. In the first the vector of a quaternion is identified with a vector 
in space. The quotient or product of two such vectors is a quaternion whose 
axis is at right angles to the given vectors. Every quaternion may be 
expressed as the quotient of two vectors, 


1See Bibliography of Quaternions. Also the works of HAMILTON, CLIFFORD, COMBEBIAC, GRASSMANN, 
GipBs and their successors. 
?BELLAVITIS 1-16; ScHEFFERS 10. 3 SCHEFFERS 10. 
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The following formulae are easily found : 


Ciyeli a Ws parallel Cig setts care ge ete ee ran eee V.aB=0 
(2) it aan perpendicular to 'O..3 4 5. elas ea es San 
(3) The plane through the extremity of 5, and perpendicular 

UO CLR Rate ccrlnes hy rea S(p— 6) a=0 
(4) The line through the extremity of a, parallel to @.... V(p —a) B=0 
(5) Equation of collinearity of a, B,y ........-. Via— B) (@—y)=0 


(6) Equation of coplanarity of a, 0, y,d....S(a — 8) (@—y) (y —d) =0 
(7) Equation of concyclicity of 
Ces Oe ater a aes Via — 8) (@ — y) (y—8) (6—a) =0 
(8) Equation of cosphericity 
ofa, B, Y, 0, &-..+-- S(a — 8) (8@—y) (y —8) (8— «) (e— a) =0 
(9) The operator g()q™ turns the operand () through the angle which is 
twice the angle of g, about the axisofg. The operand may be any expression, 
and thus turns like a rigid body. These operators give the group of all 
rotations.’ 
(10) The central quadric may be written Spdp = — 1= gp + 2 SdAp Sup, 
where ¢@ is a linear vector self-transverse function; 2 and w are the cyclic 


normals; 
tA=V9g2—f t+VG93— gk = 2% w~=V9,—g, i— V93— gn kk 


i and & being in the direction of the greatest and the least axes, and the axes 
are given by g,; = + f= — fe — Conjugate diameters are given 
by Sup8 = SBoy = Syou =0. 

(11) For any curve, p= @(t), any surface, p= @(t,u) or #(p) = 


2 
dp is parallel to the tangent of a curve, Ve is the vector curva- 


ture, Udp S V vast is the vector torsion, a= Udp is the unit tangent, 


8 = UVdp d’p Udp is a unit on the principal normal, y = UVdp d’p is a unit 
on the binormal. Forasurface F'(p)=0, VF is the normal, S(p— po) VAp>=0 
is the tangent plane.? 

The second application® of quaternions to geometry is by a homogeneous 
method. In this the quaternion q is written g=Sq(1 + ¢), and g is regarded 
as the affix of the point p with a weight Sg=w. 


1CaYLEy 10. 2 HAMILTON’S works, TAttT’s works, JOLY’s works. 
3 This application may be followed in JoLy 20, 11, 25; SHaw 3; CHAPMAN 4; see also BRILL 1, 


i ee a 
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We write also 


r 8 
AX, CATs Ber Sas 
) t u 
A .qr Astu=| Sqs Sqt Sgqu 
Srs Srt Sru 
t uU v w 
_ | Sgt Squ Sqv Sqw 
Fa gps Us Srt Sru Srv Srw 
Sst Ssu S3v S3w 


In particular we may write 


—A.1 Aab=A', ab 
Ay Gb Avie A= Vi Va VO 
S.a Abe Aijk= 8. Va Vb Ve= SA . abc 
A.abe=— K.A.abe Al ijk 
S.aA.bed= — Sa Abed A. 1 ijk 
We have : 

(1) The equation of linea, bis A.abg=0. 

(2) The equation of plane a, b,c is §.q Aabe = 0. 

(3) a, band c, d intersect if S.a@ Abed= 0. 

(4) The point of intersection of S. lg =0= Smq = Snq is q= A. ln. 

The third application of quaternions is to four-dimensional space. 

(1) Any quaternion p represents a four-dimensional vector in parabolic 
space. All vectors parallel to p, in the same sense, and equal in length are 
represented by p. 

(2) Ifg is a second vector, then the angle Z (p, qg) being 0 

cos 0= SUp Ug=S. Up Ug 

(3) The condition that p is perpendicular to g is Spg = Spq = 0. 

(4) There is for » asa multiplier p () a system of invariant planes, one 
through any given line q, called a system of in-parallel planes. Multiplication 
by p, () p, has also a system of invariant planes, called by-parallel planes, one 
through each line g. The displacement of g in any invariant plane is constant 
and equal to the angle of p. The tensor of qg is multiplied by the tensor of p. 
If g is resolved parallel to two invariant planes of p, these components turn in 
their planes through Z p, and the product pq has these results for its 
components. 

(5) If Vap = 0, ¢g is parallel to p. 

(6) The projection of g on p is Up Sq KUp. 

The projection of g on a vector perpendicular to p is Vg KUp. Up. 

(7) The plane through the origin and the two vectors from the origin 


A, — As and Oy (4; — Ge) is A, Pp + pa, = 0 


1 HATHAWAY 2, 3, 4,5; STRINGHAM 4, 5, 7. 
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The plane through the point a, a containing the vectors 


G,— a, and a,(a;—a,) is a, 9+ Ga,+ 2a=0 
(8) If 
%=+ UVec, a= + UVec, and a=—a,a, 
then the equation of the plane through a) containing the vectors e¢, e is 
a, p + pa, + 2a=0 
(9) The plane through ¢, d, e is given by the same equation with 
a, = UV (cd + dé + ec) a, = UV (ed + de + é) 
a = —}(ay¢ + cay) = — § (a, d + day) = — 3 (a, € + eae) 
(10) The normal to the plane is a, a. 
(11) The point of intersection of the two planes 


a,p + pa, + 2a=0= 6, p+ pB, + 2b 


_ Bia —aB, + a,b — bay 
aoe S(a_ B2— a B;) 
(12) If the two planes through the origin (a,a,0) (8;6,0) meet in a 
line through the origin, it is necessary and sufficient that 


Sa, 8, = Say Be 


The cosine of the dihedral angle between the planes is + Sa, @,;= + Sa, Bo. 
They are perpendicular when this vanishes. 
(13) The two planes (a, a, 2a) (@; 0, 26) meet in a straight line if 


a,6—ba,+ Bia—aP,=0 


f= a,b — bag g = Ba — a8, m = S (az 3,— a B;) 
then if f= — g $0, the equation of this line is 
__ 2 —2Vab 
sey Eos 
(14) The two planes meet in a point at infinity ifm—=0 and f+g+0; 
they meet in a line at infinity if 
B,=+ta, B,= + a, 


(15) The perpendicular distance between the planes (a, a2 2a) (a, a, 26) 
is in magnitude and direction a, (a — d). 
(16) The vector normal from the extremity ofc to the plane (a,a,26) is 


is 


Let 


4a, (2a 4- 1, C + Cy) 
(17) The vector normal from the origin to the intersection of 
: ab — ba 
(a; 4, 2a) and ((; B, 26) is ki eae f+g=9, f#9 
ee. 


(18) Two planes meet in general in a point or in astraight line. Through 
any common point transversal planes may be passed meeting the two in two 
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straight lines uw, vy and forming with them equal opposite interior dihedral 
angles. The angle between these lines u, v is the isoclinal angle of the two 
planes. Two planes have maximal and minimal isoclinal angles if there exist 
solutions c+ aw and ¢ + G{v of their equations such that 


Sa, uv = 0 SB, uv = 0 Suv + Sa,uB,v 
The planes of these angles and these only cut the given planes orthogonally. 
The lines uw and v are given by 


u = 44 (¥1 + ¥2)— (1 + Ys) a m= UVa,8 
v= Bi(y1 + ¥2) — ("1 + y2) Bo ¥2= UVa, 8, 
au Sw = 04 (71 — 72) — (1 — Y2) Oe 
Biv =v =Bi(y1—y2) — (¥1— ¥2) Be 
(19) There are no maximal and minimal isoclinal angles if any one of 
the four conditions is satisfied : 
By= + B, = + ay 
In this case the isoclinal angle is constant for all variations of 6. 
(20) Two planes are perpendicular and meet in a point if 


| Sa; 0, = — Say 8,0 or $1 
Two planes are perpendicular and meet in a line if 
Sa, 8, = Sa, 2, = 0 
T'wo planes are hyperpendicular if every line in one is perpendicular to every 
line in the other. In this case 
Sa, 0; = — Say B, = + 1 
that is | 
B= + By = ¥ a, 
If two planes are parallel 
ay = 2, dy = Bz 

453. Octonions. The following are the simpler results: 

(1) The vector from O to P is a rotor p and may be transferred anywhere 
along its own line. It is not equal to any parallel rotor. Rotors from the 
same point O are added like vectors, p + ¢ being the diagonal of the parallelo- 
gram whose sides from O are p and e. 

(2) The side parallel to p is p + Q.WMep, that parallel toe is e+ OMe. 

(3) If all vectors are drawn from O, the usual formulae of quaternions 
hold. Thus the equation of the plane perpendicular to § through its extremity 
is S (p—5)d5=0; the line through the extremity of 5 parallel to a is 
p=d+ ta. Buta rotor in the plane is not p— 4d but p—d + OM. dp and 
a rotor on the line is not xa but «(a+ QM3a). 

(4) A velocity of rotation about an axis is represented by a rotor on 
that axis, a translation along the axis is a lator on that axis. A motor, as 
@ + Qo, indicates a displacement such that in time dé any point rotates about 
the axis of the motor by an angle Zw.dé and is translated along the axis by 
a distance Tb dt. 

8 


118 SYNOPSIS OF LINEAR ASSOCIATIVE ALGEBRA 


(5) The axis of . AB is the common perpendicular of the axes of A 
and B. The rotor of M.AB is the vector of the product of the rotors of A 
and B considered as vectors through O. The lator of I. AB has a pitch equal 
to the sum of the pitches of A and B and the length of the common perpen- 
dicular multiplied by the cotangent of the angle between A and B (= d cot 6). 

(6) The rotor of A + B is equal and parallel to a,+ @, the sum of two 
rotors from O equal to the rotor of A and parallel to the rotor of B respect- 
ively, and intersects the common perpendicular from A to B at a distance 
from O equal to [m being the common perpendicular] 


T [w SB (a, + 8)? + (p— p') Ma, B. (a. + BY] 
(7) S,.ABC is one-sixth of the volume of the parallelopiped whose edges 
are the rotors of ABC. M,. ABC is a rotor determined from the rotors of 
A, B, Cas V.a@y is from a, @, y. 


t.S. ABC=tA+ tB+tC+4 dcoot§6—etan®@; d and 0 as in (5), e and@ 
the common perpendicular from Jf. AB to C, and the angle. 


ie d cot @ — etan 
¢. MABC=tA + tB + 10 — cobotan’d +cot?é+ tan’ 


(8) If Band C are motors whose rotors are not zero and not parallel, 


then XB + YC is any motor which intersects the common perpendicular of 
Band C perpendicularly.’ 


454, Triquaternions. If , u’ are points, 6, 0! lines, w and a’ planes, all of 
unit tensor, 


= ur) + o (tay + fry + hx) ge is the point 2, “2% 
er dee tee 
w= OBo+ (ta; + Ja, + kas) ow is the plane By a% + aX + ay %, + a3 2%; = 0 
6 = tay + Jar + has +o (i198; +722 +%83) a1 0) + a2 2, + a383;=0 
. . Poa , Pe |. Po , Poa |. Pu . Pr 
6 is the line Gy ty ee ee? 

That is, a point or a plane is represented by the symmetry transformation 

it produces; a line, by a rotation about it as an axis through 180°. 

(1) Gdés’ is — cos of angle between the lines. 

(2) Gao' is — cos of angle between the planes. 

(3) Luu! is the vector of wu! towards uw. 

(4) Lud is the vector perpendicular of the plane containing the point and 
the line, tensor equal to distance from point to line. 

(5) Ldd’ is the complex whose axis is the common perpendicular and 
whose automoment is the product of the shortest distance by the 
cotangent of the angle. 

(6) Lua is the perpendicular drawn through u to the plane a. 

(7) Ldm is the point of intersection of the line and the plane, tensor equal 
to the sine of the angle of the line and plane. 


1M’ AULAY 2. 
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(8) Loa’ is the line of intersection of the two planes, tensor equal to the 
sine of the angle. 
(9) Pud is the plane through u perpendicular to 3. 

(10) Pdd' is the plane at « multiplied by the shortest distance and the sine 
of the angle of the two lines. P48! is the moment of the two lines. 

(11) Pum is the plane at » multiplied by the distance from mu to » and 
positive or negative as w is on the side of the positive or negative 
aspect of the plane. 

(12) Pdw is the plane drawn through the line perpendicular to the plane, 
tensor equal to the sine of the angle of the line and the positive 
normal of the plane. 

(13) If y, 7’ are two complexes of unit tensors, Pyy!=0 means the two 
are in involution. 

(14) A displacement without deformation is given by r() 777: 


r= q+ oq Sqqi = 0 P [7? — (Lr)*] =0 
The axis is 6 = Vir = U(Vq + o Vq)). 
The angle of rotation is 20. 6 = tan Ty 
Efe Sq 
The translation is 27. aenpriee cociety bes 
n n TVo 


7 = (1 + wd) (cos 6 + 4 sin 6) 


(15) Transformations by similitude are given by r=yuq+oq,. Sqq,= 0 

(16) The triquaternion r produces a point transformation m! = rmr“, 
ifr=w+l+p, 2wp —PP=0 

(w+ m) (w + a) 
w 

rotation about the line d, and a homothetic transformation whose 


: w— Tm 

center is m and coefficient | rege 
Hence 7 produces the group of transformations by similitude.’ 

(17) A sphere? is represented by the inversion which it leaves invariant; 


This transformation may be written 


, which is a 


that is, by the quadriquaternion uw (ia, +Jy, + kay) + aw, + o'w;. 


(18) If Mand M’ are two spheres of zero radius, m and m! their centers, 


Lm M'=Lnm' M is the line (mm’). The sphere on mm! as diameter is 
PmM'. If disa line, then P. Md is the plane through d and m. 


455. Alternates. There are various applications of the different systems 


of alternates, notably those which are called space-analysis—the development 
of GRASSMANN’s systems; vector-analysis—a GRASSMANN system without the 
use of point-symbols or else a system due to Gipss; and finally the CrirrorD 
systems. No brief account or exhibition of formule can be given.’ 


1 COMBEBIAC 2, - 2 COMBEBIAO 3. 
3See Bibliography of Quaternions; notably JoLy 6; Hype 4; WHITEHEAD 1; GiBBs—WILSON 3. 
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XXIV. PHYSICO-MECHANICAL APPLICATIONS. 


456. These are so numerous that they may be only glanced at. Quater- 
nions has been applied to all branches of mechanics and physics, biquaternions 
and triquaternions to certain parts of mechanics and physics, alternates and 
vector analysis in general to mechanics and physics. The standard treatises 
already mentioned may be consulted. 


XXV. TRANSFORMATION GROUPS.! 


457. Theorem. To every linear associative algebra containing a modulus 
belongs a simply transitive group of linear homogeneous transformations, in 
whose finite equations the parameters appear linearly and homogeneously, and 
conversely.” 


458. Theorem, Associated with every linear associative algebra containing 
a modulus and of order 7, is a pair of reciprocal simply transitive linear 
homogeneous groups in r variables.® 


459. Theorem. To a simply transitive bilinear group which has the 
equations 


Of : 
ee ergs Ce) es 
XX, f= X Chirs Xf 
corresponds the algebra whose multiplication table is e;e,= ¥ ag, e, and 


conversely.‘ 


460. Theorem. The product of a= S a,e, and 6 = = b, e, gives the finite 


i=1 
transformation corresponding to the successive transformations? of the para- 


meters (a, .... a,) and (b, .... 8,). 


461. Theorem. To every sub-group of G, the group corresponding to the 
algebra 2, corresponds a sub-algebra of >, and conversely. To every invariant 
sub-algebra of > corresponds an invariant sub-group ‘ of @. 


462. Theorem. ‘l'o the nilpotent sub-algebra of > corresponds a sub-group 
of G, Y, (f).---¥;,(f), such that for no values of Y. for X . f, transforma- 
tions respectively of the sub-group and the group, do we have® 


Y(Xf) =o0Xf o 0 
XYf)=0'Xf | o! 0 
(YX) = V(Xf)— X(Yf) = oXf o £0 


463. Theorem. The invariant sub-group g, corresponding to the nilpotent 
sub-algebra o, is of rank zero.! 


1Stupy 7. 2PoINncARE 1, 2,8; Srupy 8; CarTANn 2. See also Scuur 1. 
38tupy 1,3; Liz-Scuerrers 4; CARTAN 2. *CARTAN 2. 5 CARTAN 2; Stupy 8. 


®CarTAN 2. Cf. ENGEL, Kleinere Beitrage zur Gruppentheorie, Leipziger Berichte, 1887, 8. 96; 1898, 
8. 360-369, 
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464, Theorem. To every quadrate of order r= Pp’ corresponds the para- 
meter group of the linear homogeneous group of p variables. 


465. Theorem. To every Scuerrers or PEIRCE algebra corresponds an 


integrable simply transitive bilinear group, whose infinitesimal transforma- 
tions are 


Q ) ‘ 
hg SR; ae + =Y, on +=, (a;, @; are the characters of ni) 
y,= ie > d | . ° 
t=, Oa, 1% Ms By (s >t, s >J) 
and whose finite equations are? 
2 = Ay W, 
Yi= Mp, Ye + By ta, +E args hy Yr (A<t, u<i) 
ci 


466. Theorem. Every simply transitive group can be deduced from a 
group of the form just given, 


ae, C) : 
yo — X° aoam on . Y® Fer (— 
) ) : 
YOu XO ar Lae Ajis 4 oYy® (s> ’ s>J, Bj=ai, A,— Aj, 3,=8;) 
or 
X'0O = AWM XW 
YO = AP YO BOX) 4 ¥ a,,, BO YO (A<t,u<i) 


by setting to correspond to each variable X® or Y® of character (a8), p, ps 
new variables af, y{?, where i, 7 are respectively any two numbers of the 
series 1,2....p,,1,2....p,. Likewise to each parameter A®), B® of 
character (af), ». ps new parameters a’, bi. 

The simply transitive group is then defined by the infinitesimal trans- 
formations 


gan tS egy =H B=19..--2) 
Pe i) p) = = ¢: @. ere 
tee een oye | re 
Pi Oo Ms) 
Ss af Ra get O yi a ~é iis Yx oy 


or by the finite equations ” 
1, 2...-Di 
ey > aQ af 
a 


) 4,(e) 
yles = = ag Yoh HE yg ai) bE Oper Bi YK 
A A po 


1CaRTAN 2; Mouren1, Cf. Cayitny 11,5; Laguerre1; StepHanos1; Kuein 1; Lipscnitz 2, Also 
CayLey 3; FROBENIUS 1; SyLvEstER1; WeyR 5, 6, 7, 8. 
2 CARTAN 2, 
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467. Theorem. Every simply transitive bilinear group G is formed of a 
sub-group I‘ of rank zero, and a sub-group g which is composed of h groups 
gi «+++ Jn, Tespectively isomorphic with general linear homogeneous groups of 
Pi, P2 ++++ Pn Variables. Moreover the variables may be so chosen that the 
pj first variables are interchanged by the first g, of these A groups, like the 
parameters of the general linear homogeneous group on 7, variables, and are 
not altered by the other h—1 es the same is true of the pj.... pi, 
following variables; finally these pj + .... + pj, variables are not changed 
by the sub-group’ r. 


468. Theorem. All simply transitive groups are known when those in 
§ 465 are known.’ 


469. Theorem. Every real simply transitive group G is composed of an 
invariant sub-group I of rank zero, and a sub-group g which is the sum of A 
groups g,----g,, each of which belongs to one or other of the three types 
following: 

(1) The groups of the first type are on p’ variables a, and are given by 


the formule x 4 
oi ae ate apa a tere T pt Oop 
or 
wl; = Ay Liz Ae; Lig + ..-- HF Ay; Lip 
giving the parameter group of the general linear homogeneous group on p 
variables. 
(2) The groups of the second type are on the 2p’ variables 2,;, y,; and are 
given by the formulse 


re Oo re) d 
se a sep T Xp Qe FY By T = ae T Yi By, 
d d O- re] 
aan ee ae es by Fm Gy — YW Be, T Hh Doe 
or 
C45 = Ay Hy + ‘6 + Ay; Ly — by; Yiy — eeee — by; Yin 
Y= Oy Yu Foote Ggte tH Oy tat .- +. + by ty 


(3) Those of the third type are on 4p” variables 2;;, y;;, 23, &;, given by 
the formule 


wa 2 6) %) 

Xi; = > tox, * Yu oye Zi ay me thi Po “eal 
26yeee a 

ee de By Diy see a T 4 Bp, =) 
ae 0 ) Cs) 

oh he AG i in T Yn hy ae men fn Oia; 


P Q () ) 
— al tt Sahay ale ear eee Sf 
T,; ead Emre Ot»; Yr Oe; + Zn r,) Yai Ai Oxt,; 


1CarTan 2. Cf. MOLIEN 1. 2 CARTAN 2. 
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or . 
pao 
Vij are (a,, Xi, — b,; Yin Chg 2, dy; ti) 
: p 
Yui = (a; Yi + by; Lin — Cy 5 by, — Ay; Zin) 
} p 
q aj ake (a); Zan + 6, sla Hyg Ly— AJ Ya) 
a 
t’; =2 (a; tii b,; Zin + C54 Yat dy; Lin) 


A 


Il 


1 


To each of these groups of p’, 2p, or 4p” variables we can set to corre- 
spond p*, 2p’, or 4p” variables which are interchanged by these equations, 
without being changed by the other groups which enter g nor by the sub- 
group I’. All these variables are independent.! 


470. Theorem. The groups in § 469 are not simple, but are composed of 
an invariant sub-group of one parameter and simple invariant sub-groups of 
p— 1, 2p? — 1, 4p?— 1 parameters. 


471. Theorem. Simply transitive bilinear groups in involution (transfor- 
mations commutative) are given by the formuls 


) r) 7) ) 
4 Been Ty, ROG FZ way, 
a i=1,2....r—1 GQyp = 0 if sSi, esa 
4a or 
a a = ax y; = ay; + b; x + > Aryi b,, Yr 
) %) r) ) 

(2) X=ay_-+2z5> + = (H-gy + 4 Oh. 
q cages, % ) ue 
q Baa toe +2 (nate ay.) 
4 Per 4 i+ st — Bunt) eo ba ebict) 
a ea Oy; at; ; as Ya Ais “A Oy, ae Ais Jd Ais "A Ot, 


T, =a . 4 $e + = (Crs Yr + Aris ty) Oe + 2 (aa Yn. — Bais 4) 4 
or! 

xv! = ax — cz 

Zaz +cx 

y', = ay; — ct, + b.ex—Az+ > ami (4%. —4. 4) — = Bui (bit + 4, mr) 

tat, + cy, + O24 dex + Says (ht + AL Yn) +E Bri (On Yr — A by) 


472. Theorem. Every bilinear group G is composed of an invariant sub- 
group [I of rank zero, and of a sub-group g which is the sum of a certain 
number fA of groups which are respectively isomorphic with the general linear 


1 CARTAN 2, 
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homogeneous group on pj, P. ---- p, variables. Every real bilinear group G@ 
is composed of a real invariant sub-group I’, and a sub-group g which is the 
sum of hf groups each isomorphic with one of the three following groups: 

(1) The general linear homogeneous group on p variables. 

(2) The group on 2p? parameters and 2p variables x,, ¥;: 


ee ‘ 
wv, = ay % + Fe ar + Api Lp — Oy Yy — ice * — bi Vp 


Y= Ay Y; + Care + Api Yn + b),2%,+ 5 en 8 +- by, Lp 
(3) The group on 4p” parameters and 4p variables x;, yj, 2, %&: 


p 

a, me (ay x, — by; Uy yg By dy; t,) 
p 

y's = a (Ay; Yn + by ® + ag hy + dy; 2) 
p 

2, (au & + bag ty Hoey tt di Yr) 


A=] 


p 
t!, = (Ay; tL, + Oy 2 + Cu Yv+ dy; a9 


Hach of these groups is formed of a simple invariant sub-group on p*—1, 
2p” — 1, or 4p” — 1 parameters and an invariant sub-group on one parameter.’ 


473. Theorem. Every bilinear group G is composed of an invariant sub- 
group I of rank zero, and one or more groups gj, g,---- of which each g is, 
symbolically, the general linear homogeneous group of a certain number of 
variables X,....X,, these variables being real, imaginary, or quaternions, 
and the p” parameters having the same nature, 

A? = = Ay Ss: 
AS 

If the variables and the parameters of the bilinear group G@ are any 
imaginary quantities whatever, the group is composed of an invariant sub- 
group I’, of rank zero, and of one or more sub-groups 9;, g,---- of which 
each g is the general linear homogeneous group of a certain number of series 
of p variables, of course imaginary.’ 


474, Theorem. The quaternion algebra is isomorphic with the group of 
rotations about a fixed point,” with the group of projective transformations on 
a line, and with the group of special linear transformations around a point in 
a plane. 


475. Theorem. Biquaternions is isomorphic with the group of displace- 
ments in space without deformation.® 


476. Theorem. Triquaternions is isomorphic with the group of displace- 
ments and transformations by similitude. Quadriquaternions is isomorphic 
with the group of conformal transformations of space. 


1 CARTAN 2, 2CaYLEY 10; La@uERRE 1; STEPHANOS 1; STRINGHAM 38; BeEEz 1. 
3M’AULAY 2; ComBEBTAC 1; Stupy 5. 4 CoMBEBIAC 2, 3. 
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XXVI. ABSTRACT GROUPS. 


477. Theorem. Every abstract group is isomorphic with a Fropenius 
algebra of the same order as the group.’ 


478. Theorem. The expressions for the numbers of the Fropenius algebra 
corresponding to the group are determined by finding the sub-algebra consist- 
ing of all numbers commutative with every number of the algebra, then 
determining by linear expressions the partial moduli of the separate quadrates 
of the algebra, and then multiplying on the right and on the left by these 
partial moduli. Every number is thus separated into the parts that belong to 
the different quadrates. The parts for any quadrate of order 7; determine 
the r?quadrate units of the sub-algebra consisting of the quadrate, which 
determination is not unique. In terms of these r= 3 7? units all numbers of 


the algebra may be expressed.” is 


479. Theorem. The characteristic equation of a FrRosenius algebra con- 
sisting of p quadrates is the product of p irreducible determinant factors. The 


pre-latent equation and the post-latent equation are identical and consist of the 
products of these p irreducible factors each to a power 7; equal to its order. 


480. Theorem. The linear factors of a Fropenius algebra correspond to 
numbers which are commutative with all numbers. The number of linear 
factors is the order of the quotient-group; that is, the order r divided by the 
order of the commutator sub-group. 


481. Theorem. The single unit in each of the quadrates of order unity, 
may be found as one of the solutions, o, of the equations 


Yo=of =to forall ¢’s 


For the 2’s it is sufficient to take the r numbers corresponding to the operators 
of the group. Thus if o=> .2,¢,, and if ¢e=4;, hence ¢,¢,—-1;—=¢, we 
must have 
tomo .g=b.%6;= 2 H5-1e for all 7’s 
Hence 
tx, = X;—-1 


If e is of order w;, 4 =%=1, then 


9,j—-1 = ta, Wy j—2 =P Oy, ..-- Bye HEM t’; = 1, or = 0 
Hence 
Qnn stiiet ti; Roes 
t= cos ——+7—1 sin—— =4, nal... 4 
let] ee) 


since not all a; vanish. 


1PorncaRE 4; SHAw 6. This theorem follows at once from CARTAN 2. See also § 121. 
2 PorncAaRE 4; SHaw 6. 3FRoBENIUS 14; SuHaw 6. 
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o = > (e+ t; €4j3—-1 aa Cg —2 + e048 a 
= Yae(1+ie-1+ .... + ti—'69) Ch? Bas 
The subscripts 7 run through those values only which are given by the 


table {G} = {e,é&}. By operating on o with other numbers e, we establish 
other equalities among the a’s and finally arrive at the units in question. 


482. Theorem. The units in the quadrates of order 2? may be found as the 
solutions of the equations 
(e=t le + ke ol? =tol +o (¢ any number) 
We may state this also 
(C1 S2 + Sei) eo —tGo—bhlzotto=0 (6), ¢, any numbers) 


The units in the quadrates of higher orders may be found by similar 
equations. 


483. Theorem. The numbers ¢,, *=1....7, may be arranged in con- 
jugate classes, the sum of all of those in any class being commutative with 
all numbers of the algebra. If these sums are K,, K,.... K,, then 

h 
Oe ak, 
t=1 


The partial moduli of quadrates of order 1’, are formed by operating on o 
with all numbers and determining the coefficients to satisfy the equations 


(a= 46 I= 
The partial moduli of quadrates of order 2” and higher orders satisfy the’ 
equations of § 482. 


484, Theorem. Every Abelian group of order n defines the FRoBEntus 
algebra} 
6; = Arg (et acre ws 
485. Theorem. The dihedron groups, generated by e,, e, 
q"=1=¢4 €n 0 = Ey" 
define Fropentus algebras as follows: 
When m is odd: Let o™ = 1, o being a primitive root of unity, then the 
algebra is given by 
; m+l1 
Ayo A220 Avi—iy 2—110 Avi—1y 2190 Aziy2i—1y 0 Asin 2¢9 0 (i =2.... 2 ) 
We notice that 


m—1 


€ = Ano F Avo + > (a7 Axi) 2%4190 + Oy Aoi +29 2-42) 0) (i =1.... 


: m—1 
€ = Ayo — Agog +E (Ave +1) 264290 1 Artes 24190) (i =1.... 9 ) 


18Haw 6. This reference applies to the following sections. 
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When m is even, the algebra is given by 


Ani A220 A330 A440 Avt—1) 21-1) 0 A2i—1) 270 Avi» 21-190 Avi 219 0 


— 8... - 1) 
We notice that! 
€) = Agio + Ave — Ass — Ano + Ea “-” Aoi —1) 21-1) 0 } 


i Aa ace Gi=3 meen a 1) 
C2, = Aq19 — oq + A330 — Ago + > (Avi —1) 2%) 0+ Avis 2-10) 


486. Theorem. The rotation EOuDe not dihedron groups, define the 
algebras given below: 


(a) The tetrahedral group: generators ¢, é, Gil 4 = (4¢,)* 
Let o® = 1. The Fropentus algebra is 


Aro A220 Asa Asso Asso A460 Aso A550 Asso Aoio Asso Asoo 
C1 = gio HO” Aggy + © Aggy) + Ao + 0? Asso + © Aes 
Cy = Ayio + Ave + Asso — F (Asso + Asso + Acco) + 3 (Asso + Anco + Asso 
| + Asco 1 Asso + Asso) 
(b) The octahedral group: ef = 1 = & = (e, e)*. 
Let of = 1. The algebra is 
Aro Az20 Asx Asso Asio A430 A850 Aeso Atrio Asso Asso Asz0 
X50 Aero Arco Asx A990 Aaao As Aso Asoo Aaso Agno Aago 
& = Ajso— Acyq + A359 — Asso 1H 2550 FO? Ago $F 60 Arig — © Arey + 00 Aggy + Nand 
€y = Ayyo + Avvo — ¥ Agen + 2M — 3 Aug + 4 (1 +e) Asoo + (1 — ©) Agro 
+2 am @) Asoo + 2 eon a ©) Agag 7 i/— 3 Asio — * Asso 
+ 2 (1 + ©) Asso — 2 Agso + 2 Agro + F (1 —O) Arggy + Fo Aggg + F Arag 
+4 (1 — @) Ars + 2 Argo + 2 @ Ano + :(1 + @) Aas + 4 noo — 2 Agao 


(c) The icosahedral group: ee =1= 4= (e ¢,). 
The algebra is Ayo Aij Axo Apqo Aso Where? 


s, j= 2, 8, 4 k, l= 65, 6,7 P,qd=8, 9,a, 2 8 t=y, b, e, 7 
487. Theorem. The group G,, ei =1—=@—=(e¢)’, defines the algebra 


Ano Kij0 Aro Aq Asto Auve 
where ® 
0, J = 2, 3, 4 k, l= 5, 6,7 P,d=8, 9,a, 8B, y, 9 
8, t=e, ¢, 1, 0, t, x, a U, V= UL, V, 0, A, Pp, 6, T, P 


488. Theorem. The groups defined by the relations e{=1=—€§, e7* e,e=e7", 
m prime to a, give Frosenius algebras of order =ac which are sums of 
quadrates as follows : 


a,kg of order 1 h;k; of order gj 


1Snaw 6. 2FROBENIUS 8; DICKSON 4. 3 POINCARE 4. 
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where a, is the highest common factor of m—1 anda; g is the lowest expo- 
nent for which m’=1 (mod a); c= kg. 
If a’ is the smallest divisor of a, $ 1, and a=a, a’, then m“=1 (moda). 
If a is the next smallest divisor of a, a= a, a", m%#=1 (mod a,), and so 
on for all divisors of a; if also (JV) is the totient of (1), then 


g(aj=hg >? (H4)=Hhgn.---¢(@)=Ag, (J=H1,2...-i—1,041....p) 


We notice that if @ is a primitive a-th root of unity, w a primitive c-th 
root of unity 
— > 3) nd AiG, wD => 4 2 Ub, D 
| e 90 SSM (LAL 


wherein 
ee ee ee eg meds ney / 


The multiples of a,_,,,, namely v,a,_,+41, where , is prime to a,, are 
divided into h, sets of g, each; s” is the lowest in the /-th set, the set being 
sO, ms? .... mes; and z+ 1 is reduced modulo’ g,. 


489. Theorem. The algebra defined by the groups 1=>g@=@g=¢ 
Goce; = 6, Cg Cae ee, €, 3 = €,€3@, 18 given by the forms 4 occurring 
in the equations 
€ = 3 we p—z 41 Afgh hla) 
€ = > ot til, Ny —a +1 Ay" Kes Uy) 
@ = Zo Me” 
where 


s=p+1,p..-.1,0 m=n M4,=1 ht 1...-mp 24, Jol... .m 


/, is any integer <n, and prime to n, [has therefore @(n,) values], 7+ 1 is 
reduced modulo n,; n, is any divisor of n, the quotient’ being ,_ 24. 


490. The papers of Fropentus and BurNsIDE on group-characteristics 
should be consulted. 


18Haw 12. 


ee ee iat Peep Bet te BES, hs ne ee eee Oe we 
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XXVII, SPECIAL CLASSES OF GROUPS. 


491. Since every group determines a FroBEnIus algebra, it is evident that 
this algebra might be used to determine the group and to serve in applications 
of the group. Since the group admits only of multiplication, the group 
properties become those of certain numbers in the algebra combined only by 
multiplication. However, if the group is a group of operators, or may be 
viewed as a group of operators, it may happen that the result of operating 
on a given operand may be additive, in which case the numbers of the algebra 
become operators. Examples are given below. 


492, Substitutions, Since every abstract group of order r is isomorphic 
with one or more substitution groups on 7 letters or fewer, it follows that the 
permutations or substitutions of such groups may be expressed by numbers of 
the algebra corresponding to the abstract group. Thus a rational integral 
algebraic function P of n variables may be reduced to the form 

- =2 = tah 


where P, is expressible in the form 
(AP + AY S, + AP +... + APS) F, 


where A’ is a positive or negative numerical coefficient and S; is a substitution 
of the symmetric group of the m variables. ; is a rational integral algebraic 
function of the variables. All the substitutional properties of P, are direct 
consequences of the form (A{? + .... + Af? S,). For example 

P =ha,— $4, + 3aja, — 8aj a; — § aha; + 5 a,03= P, + P, 
where 

P,= } [1 — (aya) + (41 43) — (41 % 45)] + 

P,= [8 —$ (a) a a3) — 3 (a2 45) + $ (ay as) ] - aj a 


wherein the bracket expresses an operation. We may find solutions for 
equations such as 
(1to+o7+o°)P=0 o = (abcd) 

or other forms in which the parenthesis is any rational integral expression in 
terms of substitutions. 

The solution of this particular case is P=(1—«a)F, where F is any 
rational integral function. These equations are useful in the study of 
invariants. 


493. Linear Groups. A group of linear substitutions has corresponding to 
it an abstract group, such that if the generating substitutions of the linear 


group, H, are S,, ,---- =», with certain relations >, >; ---- Ding Slip, Zhe Ste 

..++ >, = 1, etc., then the abstract group is determined by generating sub- 

stitutions 0, 0,...-6), with relations 6;,0,----6,=1, %%,% +++* %%= 1, ete. 
1A, Youne 1. 
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If we choose a suitable polygon in a fundamental circle, the circle is 
divisible into an infinity of triangles, which may be produced by inversions at 
the corners of the polygon, according to the well-known methods. The 
group G generated by o,, o,...-o, without the relations is in general infinite. 
With the addition of the relations we get a group G’ isomorphic with 
H, H being merihedrically isomorphic with G. 

Then G’, or what is the same thing H, may be made isomorphic with a 
Frosenivs algebra, which is of use in the applications of the group. A notable 
application of this kind was made by Porncarg&.! 

This application is devoted on the one hand to the study of the linear 
groups of the periods of the two kinds of integrals of a linear differential 
equation of order n which is algebraically integrable; and, on the other, to the 
proof that for every finite group contained in the general linear group of n 
variables there is such a differential equation. The results are chiefly the 
following: 


494, Theorem. For every group G’ there is a system of Fuchsian func- 
tions, Abelian integrals of the first kind, such that if A(z) is any such function, 
and if S is any substitution of G’ to which corresponds a linear substitution 


on Z, ae (aS —@By = 1), then 


az+ B 
KY, Ty )= KES) = Ke) +0 
where w is called a period of K(z). 

There are also Abelian integrals of the second kind P(z, a), such that 
P(2S, a) = P(z, a) + o(a), where $(a) is the a-derivative of a function of the 
first kind. , 


495. Theorem. The genus of the group being g, there are g independent 
integrals of each kind; all others are expressible linearly in terms of these. 


496. Theorem. In the Fropentus algebra corresponding to the group let 
X be >. X,e,, where e; corresponds to 8;. Then AX means >X; K(zo;"), and 
«.X means the period of KX corresponding to the period w of Kz. Then there 
are three kinds of quadrates in the algebra. 

I. Those for which AX, = constant, for all values of A and any number 
X, in the a-th quadrate. In this case oX = 0 identically for any & and any 
substitution S, and if X,= > 4X,,¢,, there are linear relations among the 
coefficients X,;,. Also P(z,a)X, is an algebraic function. 

II. Those for which AX, is constant for each K if X, is properly chosen, 
so that for any & and any S there is an X, such that oX, = 0. 

There is an integral K’ whose periods are linear combinations with 
integral coefficients of X,,;; this integral A’ combined with A by Riemann’s 


1 POINCARE 4, 
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relations gives the coefficients of the periods w in oA => X, 
determines X,;. There are but g such relations independent, 

Also P(z,a) X, is not an algebraic function for this B. gy 

Ill. A’. X, is not constant for certain K’s, and any X,. For any such 
K we may write KX,= Gz), then the periods of G(z) being a, a, ...- &m 
for the m substitutions of G', if we form the periods of G(zo), we get the 
same periods w in another order; a group determinant may be formed from 
these by letting o run through G, which must vanish as well as its minors of 
the first m — n—1 orders. 

That there be a rational function of a, y, satisfying a linear equation of 
order m, it is necessary and sufficient that there are numbers pte | oe Ke 
whose group determinant is of the character above. There is thus always at 
least one quadrate of the third kind. 


i; that is, 


497. Theorem. An integral of the first kind, K, belongs to a quadrate if 
KX = constant, for any number X not in this quadrate, but ALX is not con- 
stant for all numbers in the quadrate. 

An integral P(z, a) belongs to a quadrate if for all values of XY not in this 
quadrate P(z, a) X is an algebraic function ; but for some values of X in the 
quadrate P(z, a) X is not an algebraic function. 

The number of integrals of the first kind belonging to a quadrate of 
order a is a multiple of «a. 

Any integral can be separated into integrals each of which belongs to a 
single quadrate. 


498. Theorem. The 2q¢ periods of A(z) are subject to a linear transforma- 
tion by each substitution S of G’. The totality of these linear transformations 
furnish a linear group isomorphic with H. 

The relations between the periods of P(z,a) are found by writing the 
linear relations between (z), K(zS,), K(zS,), etc., and differentiating them. 
The derivatives are subject to linear transformations which also generate a 
group isomorphic with H. 

The second group is related to the totality of quadrates of the second 
kind, the first group to the totality of quadrates of the third kind. 


499. Modular Group. This has been studied by means of the commutative 
algebras." 


500. Laurent? has made use of representations of linear substitutions by 
quadrate numbers or tettarions, to derive several theorems. His processes are 
briefly indicated below. 


Theorem. If o = >c¢;,;2,;, where 
Cy 1 ee arererare Cy =— Sy, ity 


then the tettarion += 2c-!— 1 represents an orthogonal substitution, and the 


1J. W. Young 1. 2 LAURENT 1, 2, 3, 4. 
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orthogonal group consists of all such substitutions. In this case o represents 
a skew substitution. 


501. Theorem. Every orthogonal substitution may be represented by the 
product of tettarions of the type? 


© = Ayr A Agg H oes A Ann F (Aas + Ay) COS @ + (Ayj— Aji) sin D 


Ai, and A absent 


502. Theorem. Tettarions of the type c and Lolly dt aad produce 
tettarions representing symmetric substitutions. 


503. Theorem. Tettarions of the type 1+44,; produce tettarions which 
represent substitutions with integral coefficients. 


1....% 
504, Theorem. If c= & aj; A,; represents an orthogonal substitution, then 
i,j 


be 
Tyy = X Ap Gq ij gives a new group of linear substitutions. By similar 
UJ 


compounding of coefficients of known groups, new groups may be formed. 
505. AuTonNE® has applied the theory of matrices to derive theorems 
relating to linear groups, real, orthogonal, hermitian, and hypohermitian. If 
ea 
t= > is Mi; T= LALA; T= 2 Ai Ni; 
Wd 
where @;; is the conjugate of the ordinary complex number a;;, then 7 is 
symmetric if t= 7; it is orthogonal if tr=1; real if T=7; unitary if 
<7 =1; hermitian if =v. In the latter case the hermitian form I.¢(t)% > 0. 
[In this expression (7) acts on ¢ as a linear vector operator]. If is hermitian 
there is one and only one hermitian @ such that @’= 7, or ¢= 7". 


Theorem. That an n-ary group G@ can be rendered real and orthogonal 
by a convenient choice of variables, the following conditions are necessary 
and sufficient: 

(1) @ possesses two absolute invariants: a hermitian form J. f(r) % and 
an n-ary quadratic form of determinant unity, P=J.¢(p)¢. 

(2) G@ having been rendered unitary by being put into the form ¢ Gr, 
in the transform of P, p is unitary. 


506. Theorem. Every tettarion is the product of a unitary tettarion by a 
hermitian tettarion. 

To put a into such a form we take c?= aa and v=ar; then a= vt. 

The literature of bilinear forms furnishes many investigations along 
these lines. 


Cf. TABER 6, 7, and other papers on matrices. 2 AUTONNE 1, 2, 3, 4. 
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XXVIII. DIFFERENTIAL EQUATIONS. 
507. Pfaff’s Equation. To the solution of the equation 


X, dx, + X,da,+.... +X, dap, = 0 
GrassMANN’ applied the methods of the Ausdehnungslehre. 


508. La Place’s Equation. This may be written y2u=0. It has been 
treated by quaternionic methods in the case of three variables? Other equa- 
tions and systems of equations which appear in physics have been handled in 
analogous ways. The literature of quaternions and vector analysis should be 
consulted.’ The full advantage of treating the general operator y as an 
associative number, would simplify many problems and suggest solutions for 
cases not yet handled. 


509. It is pointed out by Britu‘* that by means of matrices the operator 


oi O i e e o eg 
A= ae + oops te oe t fl ayae +9 Sede +4 aay 


can be factored into 


) ) ee ee ee, C) ) 
{35 + —ap) 5 + (9—a9) S| lor t+? ay +9} 
p and qg being matrices (tettarions). 
Therefore any matrical function of x, y, 2 which vanishes under the 
operation of either of these linear operators is a solution of the equation 


A 8 


It is obvious that this method is capable of considerable extension.° 


XXIX. MODULAR SYSTEMS. 


510. It is obvious that every multiplication table may be expressed in 

the form 
C6; — WVign Ox = O 

If now we consider a domain admitting ¢, e, etc., and their products and 
linear combinations, it is evident that we have a modular system. The 
expressions e,.... need not be ordinary algebraic variables, of course; they 
may be function-signs, for example. 

Every modular system may be considered to represent, and may be 
represented by, an algebra. From this point of view all numbers are quali- 
tative except integers. 


1ForsyTHE 1. Cf. Ausdehnungslehre, 1862, §§ 500-527. 

*BooLte 1; CARMICHAEL l, 2, 3,4; Britt 2; Graves 1, 

8 WEDDERBURN 2; POCKLINGTON 1. 4 BRILL 3. 
5 Cf. B. Peirce 2. Same in Appendix I in B. Prirce3. 
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XXX. OPERATORS. 


511. The use of different abstract algebras in forms which practically 
make them operators on other entities is quite common in some directions. 
In such applications the theory demands a consideration of the operands as 
much as of the operators. As operators they have also certain invariant, 
covariant, contravariant, etc. operands, so that the invariant theory becomes 
important. 

For example, the algebra of nonions plays a very important part in 
quaternions as the theory of the linear vector operator.’ 


512. Invariants of Quantics. The formule and methods of quaternions 
have been applied to the study of the invariants of the orthogonal trans- 
formations of ternary and quaternary quantics.? If & is a vector, then géq™ 
is an orthogonal transformation of £, g being any quaternion of non-vanishing 
tensor. Every vector or power of a vector or products of powers of vectors 
furnishes a pseudo-invariant. Orthogonal ternary invariants are then those 
functions of vectors which are mere scalars, the list being as follows: 


Tp T’a SaB SpaB SaBy 


In these, a, B, etc. are practically different nablas operating on pg, so that 
we understand by S.a@y substantially what is also written S.W1V2Vs- 
The formule of quaternions become thus applicable to these symbolic 
operators, yielding reductions, syzygies, etc. For example, the syzygies 


SaB Syde— SBy Sade + SBS Saye — SBe Sayd = 0 
Sap SByd — SBp Says + Syp Sa3d— Sdp SaBy = 0 


This amounts, of course, to a new interpretation of ARONHOLD’s notation, and 
the process may readily be generalized to n dimensions by introducing the 
forms Ja?, Jpp, Jap, and the like. 


513. Differential Operators. The differential operators occurring in con- 
tinuous group-theory are associative, henve generate an associative algebra 
(usually infinite in dimensions). Groups of such operators are groups in the 
algebras they define, and their theory may be considered to be a chapter on 
group-theory of infinite algebras. The whole subject of infinite algebras is 
undeveloped. The iterative calculus, the calculus of functional equations, 
and the calculus of linear operations are closely connected with the subject 
of this memoir? 


1 See references under Nonions, previously given. 
2McManon 1; SuHaw 14. 


8 PINCHERLE 2, 3; Limeray 1, 2,3; Lzaul1. The literature of this subject should be consulted. 
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